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k Complete Course i!\i German 

By JAMES H. "WORMAN, A.M. 

COMLPLETlt; GBiRlVIAJSr GrKAlVIIVIAi;., 

COLI.EGIAJTE GERMAN HEADER, 
ELEItlKNTAR"^ G-ERBIA-JST RE AH Jr. K, 
GrERTVLAJSr OOFY^-BOOKS, G-EBMAN ECHO. 

HISTORY OB' (3-ERMLAISr L1TERA.TTJRE, 

GERMAilSr AND KNGLISH XiEXICOT^", 

X. IBE CfEieMAX GItAMMAMS of Worman are widely preferred on ac- 
conDt of their clear, eiplicit metliofl (on Ihs convetaallon plan), Intrortuctng a ByBtem 
of analog Bud. compariBon with the leatnefa* own lau^a^ and olherg commonly 
Htadied. 

The arts of BpeskiDg, of iiuderEtandiug tlie Bpokea langaage, and of correct pronun- 
cislion, are treatefl wffh great BuccesB. 

The new clttsBificaOoBs of noune and of irregnlat verbs are of great valne to Bis 
papil. The xe^ of heavy type to indlcata etymological chaogea, ia new. The VocabQ' 
toj is syiMWijimtoiJ— also a new feotnre. 

XI, WOXtWA.N'a GXSBiaAJf BEAHMM tontalna progrcBslve Belectlona 
A-om a wide range of tha very beet Oermas authors, isclnding tbree complete playe, 
which ate usualv purchased la separate form fur advanced students wlio have com- 
plBtad the orfllnafv Header. 

It has SiograpMes of eoiinent authors. Notes after the teit, Beferences to all Ger- 
man Srammars In common uae, and sn ad^^li&te Vocaliiilary; also, EserciB^ for 
tranBlaUott Into the Oennao. 

XXX. WOMIVAN'S BExeMAJf HCHO IDeaischis Echo) if, entirely a new 
thing In tMa cooQtry. It presents fitmtllar oolloquinl eierciees without IranBlation, 
»nd wlU tsaoh fluent conversation in s fOw moDths of diligent Etnay. 

No otbar method ifUl ever malie tbe stadent (U home in a foreign taugiiage. Er this 
hethhiks'- - -" ■ - " -- ■■ •- --- -" ^ ^*-— - 



fOEIU'S COIPLETEJREHCH CflDESE 

Or, "French Echo;" on a plfin identical with the German Echo deocritnid alxive. 
This ivill bo folfowid in due conrso by the other volnmes of 

TTHE ERENOH SERIIGS, 
A COMPLETE GltA3tMAR. \A X'XtXlXCII ICEADEJt, 

^if :ET.ENKiiTABY oxtAia:MAn,\ A PxtEircu x-EXxcour, 
A nisxoBY OF jricENoa xitebatutie. 



WOKMAN'S WORKS 

by many of Die best institntions of the cotmtry. In 
are slml 
TJNTII VAX*E1>. 



impleftfoesB, adc^tatioc, and homogeneity for consistent 
are simply 
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"ji WeU of English Uudefiled." 



LITERATURE AND BELLES LETTRES. 



PROFESSOH CLEVELAHD'S WORKS. 



I,IBRAliY IX li'OTTM VOI^UMHS. 
DF EHOirSH 



COMPElI MsLIT EBATDBE. 

One Hundred and Twenty Thousand of these Volumes have been sold, 

and they are the acknowledged Standard wherever 

this refining study is pursued. 



PROF. JAMES R. BOYD'S WORKS. 

COMPOSITION, T.CGTC, LITERATURE, RHETORIC, CRITICISM, 
BIOGRAPHY y-^POETUr, AXD £ 



BOYD'S COMPOSITIOM AMD RHETORIO. 



a and otteDtion gisen to gniininatkal prLunlvilKe, to aflbta a 

Of ai^roment and lllu$tra&)ii, wltti iiotaljle eseicisea far pre- 



BOWS ELEMENTS OF LOOtO. 

BEplnlaa, first, the conditiona nnd proccsseB "by whicli tlie mind receiicg ideas, and 
(iien uofolda tho art of reasoning, wltli clear dicccdons for the ostibliaLmeDt and ooQ- 
flrmation of ecrand judgment. A aorot^lily iiractlcol tieatisc, being a syEtemafio and 
l^lilotMiphiOil condonaation of all tliat !a known of Uie subject. 

BOYD'S KAMES' CRITICISM. 

This ataDdarn work, as is well kno^m, treats of Qio fhcnlty of perception, and the 
reaalt of its eserclee npon the tastes and emotions. It may therefore lie termed a Com- 
pendium of Aesthetics and NaturM Morals ; nad Its use in retaing the mind and heart 
iias mado It a Btandacd text-hook. 

BOYD'S ANNOTATED ENGLISH CLASSICS. 

MiUoit's Paradise Zoat. I Tliomaoii's Seasona. 

Young's l^taht Tliougbta. Pnllolc's Course of Time, 

Coicper'a Taah, Xabte Kiffc, iCe. 1 Xord Bncon's Essays. 
In els cheap volumes. The service dono to litcratnro, hy Prof, Boyd's AntlotalioEB 
upon these standard wiitore, can with difflculty be ealiinatea. J.lne hj line their ei- 
pieeeions and ideas are analyzed and discussed, until the bast comprehcngioa of the 
powerlta] DEC of Imiguage is obtained by the learner. 
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BAVIES' MATHEMATICS. 

THE WEST POINT COtTRSE, 

And Only Thorougii and Complete Malhemalical Series. 



I. COMMON SOHOOL OOUESE. 
Davies' ^imary Arithmetic — Tlie fiiudamentol principles disiilayeil in 

Object Leasona. 
Davies' Intellectual Arithmetic— Sefctrios all operatious to the uait I as 

the oDly langlble basis foe logical aevelopment. 
Davies' Elements of Written Arithmetic— A pinctlcol intrailucaoB lo 

the whole subject. Theory anhoi-diiiBtsd 1o Ptactlce. 
Davies' Practical Arithmetic*— The most BiieceasMcomblnotlon of Theory 

and Fractlce, clear, exact, brief, and comprehenEivi:. 

II. AOADEMIO OOUESE, 

Davies' University Arithmetic.*- Treating the anbjcct eshaiialively aa 

asiAeiice^ lu a logical Eeriee of coonected propositions. 
Daviss' Elementary Al^ebra-'-A connecling llnl;, conducting the pupil 

easily from arithmetical processes to abstract analysis. 
Davies' University Algetra.*— Foi- insKtutlons aeelring a more complela 

but not the fullest conrse 'at pure Algebra. 
Davies' Practical Matheinatios.— The eclenca practically applied to the 

useful arts, aa Drawing, Architecture, 8un-eying, Mechanics, etc 
Davies' Elementary Oeometry.— The Important principles in simple (brm, 

but with all the eiactness of tigorons i-easoning. 
Davies' Blements of Surveying.— Ee-written in IffM. The simplest and 

most praclieal preaentatton for youths of IS to 10. 

III. OOLLEGIATE COURSE. 

Davies' Bourdon's Algebra."- Embi-achig Sturm's Theorem, and a moat 
eshnustlve and scholarly eonrso. 

Davias' University Algebras*- A ahortar coiu'se than Bourdoii, tor Institn- 
tions have less time to give the subject. 

Davies' Iie^endre's Geon>etry.— Acknowledged aeon/ysatisfiictorjtiCBtiea 
of its grade, 31)0,000 copies base been sold. 

Bavies' Analytical Geometry and Calculus.- The Bhoiter treatlsea, 
combined in one volume, are moi^e available tor American coureea of atndy. 

Davies' Analytical Geometry. IThe orig^al compcndiums, for those de- 

Pavies' Biff. & Int. Calculus^ ' siring to give full time to each brancli. 

Davies' Descriptive Geometry.— With application to Bpberleol Trigonome- 
try, Spherical ProjecUons, and Warped Surfeces. 

Davies' Shades, Shadotvs, and Perspective.— A euccinct cipcsitlon of 
the mathematical principles inrolved. 

Davies' Science of Mathematics.— For tenchera, emhcachig 

I. GBiMMAB OF AEITBMETIC, III, LOOIC iHB UTtUTT OF MaTBEBATICS, 

IL OUTLIBEa OP MiTHEUMlOB, lY. MATHBUincAl. DlCTIOKiEV. 

• Keys may ba obtained from the Pubhshers by Teachei's only. 
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PREFACE. 



Algebra naturally follows Arithmetic in a couvee of edeii- 
tific studies The Hngifige of igutes, and the elementary 
ComlimttiDiia of numbers, are aoqniied at an early ago. 
When Ine pufil pissts to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
cxpeiiences much difliLuity befoie perceiving that Algebra 
is but Arithmetic initten in a different 1- 



It is the design of tbia work to supply a connecting link 
between Arithmetic and Algebra ; to indicate the unity of 
the methods, and to conduct the pupi! from the ai-ithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gi-adations. The work is also introductory to 
the University Algebra, and to the Algebi'a of M. Bourdon, 
wliich is justly considered, both in this connti-y and in 
Europe, as the best test-book on the subject, which has yet 



In the Introduction, or Slentnl Exercises, the language 
of figures and letters are both employed. Each Leesoa is 
so arranged as to introduce a single principle, not known 
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before, and the whole is so combiued as to prepare the 
pupil, by a thorough system of mental training, for those 
processes of reasoning which are peculiar to the algebraic 
aaalyds. 

It is about twenty years since the first publication, of the 
Elementaet Algebba. Withiu that time, gi'eat changes 
have taken place in the schools of the country. The syB- 
tems of mathematical instrnctlon have been improved, new 
methods have been developed, and these require correspond- 
ing modifications in the text-books. Those modiflcatioiifl 
have now been made, and this work will be permanent in 
its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 

fevored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author ; and I shall feel myself under special 
obligation to all who wiU be at the trouble to communicate 
to me, at aaiy time, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
the cordial co-opei-ation of teachers and authors — by joint 
labors and mutual efforts — that the text-books of the country 
can be brought to any reasonable degree of perfection. 

A Key to this volume has been prepared for the use of 
Teanhers only. 
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SUGGESTIONS TO TEACHERS. 



1. TuE Introduction is designed as a mental exercise. If 
thoroughly taught, it wiU ti-ain and prepare the mind of 
the pupil for those higher processes of reasonmg, which it 
ia the peculiar province of the algeLraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone thi-ongh with, without the 
aid of a slato or blauk-board ; the ugh perhaps, in the hor- 
ning, some aid may be necessary to those uaaccustomcd to 
such exercises. 

3. Great care must he taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 



4. The reasonuig process is tlie logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow fi-om such a connection. Hence, the basis of 
all reasoning must lie in distinct elementary ideas. 

5. Therefore, to teach one thmg at a time — to teach that 
tiling well — to explain its connections with other things 
and the consequences which follow from such connectioiiB, 
would seem to embrace the whole art of instruction. 
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ELEMENTARY ALGEBIU, 



MENTAL EXERCISES. 

LESSON I. 

1. John and Chai'ka iiavo tlio Barnc number of apples; 
both together have twelve: how many has each? 

ANALTSia, — Let x denote the nuinber which John has ; 
then, Mnoe they have an equal number, x will also denote 
the number which Chai'les has, and twice x, or 2ic, will 
denote the number .which both have, which is 1 2. If twice 
m is equal to 12, x will be equal to 12 divided by 2, wbidi 
ia fi ; therefore, each has 6 apples, 

WRITTEN, 

Lot X denote the number of apples wlucb John has; 
then, 

12 
X + te = 2a! — 12; iienco, x = ~ = d. 

KoTE. — When x is written with the sign + before it, 
it is read plus x : and the line above, is read, x plus a 
fjp.uil« 12. 
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Note.— When 


X i3 ■ 


written by 


itself, it is reud 


and 18 the same as. 


la;; 






X or la;, 


means 


I once 


X, or one x. 


2ic, 


" 


twice 


X, or two X, 


Zx, 




three times 


! a;, or three x. 


4*, 


" 


four times 


X, or four ib, 


&c.. 




&e., 


&c. 


2. "What \i x + 


X eq 


ual to ? 





S. What is a; + 2a; equal to ? 

4. What is a; + 2a; + a; equal to P 

5. What is o; + 5a; + x equal to? 

6. What is a; + 2a: + Sa; equal to ? 

7. James and John together have twenty-four peachen, 
and one has as many as the other : how many has each ? 

Analysis. — Let a; denote the number which James has; 
then, since they have an equal number, x will also denote 
the number which John has, and twice x will denote the 
number which both have, which is 24. If twice x is equal 
to 24, X will be equal to 24 divided by 2, which is 12 ; 
tiierefore, each has 12 peaches. 



Let X denote the number of pcaclics wliicli James has ; 
then, 

a; + a; — 2a; =^ 24; hence, x =-. — = \2. 

VHRIPl CATION. 

A Verification is the operation of proving that the num. 
her found will satisfy the conditions of the question. Thus, 

12 + 12 = 24. 

Note. — Let the following questions bo analyzed, icrttlen, 
and verijied, in exriethj Ihe mme laanner as the above. 
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MENTAL EXEECrSEB. 11 

8. William and John together have 36 pears, and one has 
as many as the other : how many has each ? 

9. What numher added, to itself will make 20 ? 

10. James and John are of the same age, and the sum of 
their ages is 32: what is the age of each? 

11. Lucy and Ann are twins, and the sum of their ages 
is IG: what is the age of each? 

12. Wliat number is that which added to itself will 
malie 30? 

13. What number is that which added to itself will 
make 50 ? 

14. Each of two hoys received an equal sum of money at 
Chrbtmas, and together they received 60 cents; how much 
had each ? 

15. What number added to itself will make 100 ? 

16. John has as many pears as William; together they 
have '12 : how many has each ? 

17. What number added to itself will give a sum equaJ 
to 46? 

18. Lucy and Ann have each a rose bush with the same 
nnmbor of buds on ea(:h ; the buds on both number 46 ; 
how many on each ? 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each ? 

Analysis. — Let x denote the number of apples which 
John has ; then, since Charles Ims twice as many, 2x will 
denote hia share, and x + 2x, or 3a;, will denote the 
number which tKey both have, which ia 12. If 3a! is eqiiai 
lo 12, X will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples, and Charles, having twice aa 
many, has 8, 
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'NTKODDCT 



liCt X denote tlie mjiiiboi' of apples Jolin haa , then, 
2x will denote tlie number of apples Charles has; and 
a + 2x = ^x = 12, the number both have; then, 
a; m — ^ 4, tlie number John has ; aiid, 
Sa; = 2 X 4 = 8, the number Charles baa, 



4 + 8 — 12, the number both have. 

2. WilKam and John together have 48 quills, and William 
hae twice aa many as John : how many has each ? 

3. What number is that which added to twice itself will 
give a niimber equal to 60? 

4. Charles' mai'bles added to John's make 3 times as many 
asChai-leshas; together they hayeSl: bow many has each? 

Analysis, — Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and Johu two thirds of the whole. 

Let X denote the number which Charles has ; then 2x 
will denote the number which John has, and x + 2x, or 
3a^ will denote what they both have, which is 51. Then, if 
3x is equal to 51, x will be equal to 51 divided by 3, 
which is 17. Therefore, Charles has 17 mai^bles, and John, 
baving twice as many, has 34. 

WRIITEN. 

Let X denote the number of Charles' marbles; then, 
2a; will denote the number of John's marbles; and 
Sic .= 51, the number of both; then, 

X ^ — = 17, Charles' marbles; and 
3 ' ' 

1? X 2 = 34, John's marbles. 
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MJiNTAL KXiCKOISEB. 1^ 

5. What numbrir added to twice itself wiH make 76 P 

6, Wliat number added to tirice itself will make 51 ? 
1. What number added to twice itself will make 39? 
8. What number added to twice itself will give 90 ? 

6. John walks a certain distance on Tuesday, tivice a-^ 
tar on Wednesday, and in the two days he walks 27 miles: 
how far did he w^k each day ? 

10. Jane's bush has twice as many roses as Nancy's: and 
on both bushes there are 86 : how many on each ? 

11. Samuel and James bought a ball for 48 cents ; Samuel 
pdd twice as much as James : what did each pay? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 06 mto two such paits that one shall be double 
the otlier. 

14. The sum of threft equal numbers is 12 : what are the 
numbers ? 

AtfAi-Ysia. — Let o; denote one of the numbers ; then, 
wnce the numbers are equal, x will also denote each of 
the olliers, and x plus x plus x, or Sx will denote their 
sum, which is 12. Then, if 3a! is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the number;i 
are 4, 4, and 4. 

■WEITTEN'. 

Let a; denote one of the equal numbers ; then, 
X + X + M = 3x = 12; and 

- = ¥= *• 

VERIFICATION. 
4 + 4 + 4 = 12. 

16, The sura of three equal numbers is 24 : what are the 
uumbei-s? 

16. The sum of three equal numbei-s is 36 : what are the 
uuiiibcrs f 
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1 If T E o r U C T 1 



1 7. The sun\ of three equal numbers is 
niiiiibers ? 







LE'^SOX III 






\^ a n 
\*il n k 48 
A s— I 




h 

do 
h I. 

48 1 
] n 


1 

mb n 

s 4 
d J L 
nb 




[.OS iKclf 


1 e 
fo e 




q 


, or 4a-, 
il to 48, 
; tliCTO 



Let X (denote tbe number; then, 

ax = tliree times the number ; and 
X + sx ^ 4x — 48, the sum : then, 

a: = — = 12, the required number, 

12 + 3 X 12 ^ 12 + 36 = 48. 
Note. — All similar questions are solved by the eani 
form of analysis. 

2. What number added to 4 times itself will give 40 ? 

3. What number added to 5 times itself will give 42 ? 

4. What number added to 6 times itself will give 63 ? 

5. What number added to 7 times itself will give 88 ? 

6. What number added to 8 times itself will give 81 ? 

7. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John ha 
three times as many as James: how many has each? 

9. William and Charles have 64 maj'bles, and Charles ha 
7 times as many as William : how many has each P 
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MKNTAL EXEEOJSEB. 16 

10. James and JohD travel 96 miles, atid Jamea travels 
11 times as far as John : how far does each tiavel ? 

11. Thei«um of the ages of a father and son is 84 years; 
and the father is 3 times as old as the son : what is the age 
of each ? 

12. There are two numbera of -wMch the greater is 7 
limes the less, and theu- sum is I'S : wha-t are the numbeis? 

13. The sum of four equal numbers is 64: what are tlie 
numbers ? 

14. The sum of six equal numbers is 54 ; what are the 
numbers ? 

15. James has 24 mai-bles ; he los&s a certain number, an^ 
then gives away 1 times as many as he loses which takes a!! 
he has : how many did he give away ? Verify. 

16. William has 36 cents, and divides them between his 
two bfothera, James and Charles, giving one, eight times a.s 
many as the other ; how many does b(3 give to each ? 

17. What is the sum of x and 3a;? Of a; and 1x1 
Of X and 5a:? Of x and 12a:? 



LESSON IV. 

1. If 1 apple costs I cent, what ivill a number of apples 
denoted by x cost ? 

Anaitsis. — Since one apple costs I cent, and Mnce a) 
denotes any nv/mbefr of apples, the cost of x apples will be 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 
Analysis. — Since one apple costs 2 cents, and since 3i 

denotes the number of apples, the cost will be twice as many 
ccnlB as there are apples : that is 2x cents. 

3. If ] apple costs 3 cents, what will x apples cost ? 
A. If 1 lemon costs 4 eentis, «-liat will x lemons cost? 
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B. If I orange costs 6 cents, wliat will x oranges cost ? 

6. Charles bought a certain nuraber of lemons at 2 cents 
apiece, and as many oranges at 3 cents apiece, and paid in all 
20 cents: how many did he buy of each? 

Anaxtsis. — Let a; denote the number of lemons ; then, 
wnee he bought as many oranges as lemons, :t will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2^ wiU denote the cost of the lemons ; and 
suioe the oranges were 3 cents apiece, 3a; ■will denote 
the cost of the oranges; and 2x + Zx, or Bx, will denote 
the cost of both, which is 20 cents. Now, since 5x cents 
are equal to 20 cents, x ■will be equal to 20 cents dinded by 
5 cents, which is 4 ; hence, lie bought 4 of each. 

wnrrrtN. 
Let X denote the number of lemons, or oranges; then, 
2a! = the cost of the lemons ; and 
83! = the :'oit of the oianges; hence, 
•::si -\- SiDi ~ 5j: ~ 20 cents — the cost of lemons and 
oiangos; hence, 
20 cents 
i cents 

TEEIFICATION. 

4 lemons at 2 cents eacli, give, 4 X 2 ±: 8 cents. 

4 oranges at 3 cents each, " 4 X 3 := 12 cents. 

Hence, they both cost, 8 cents +12 cents = 20 cents. 

1. A former bought a certain number of sheep at 4 dollai-s 
apiece, and an equal number of lambs at 1 dollar aj>iece, 
and the whole cost 60 dollars : how many did he buy of 
each? 

8. Charles bought a certain number of apples at 1 cent 
apiece, and aji equal number of oranges at 4 cents apiece, and 
paid EO cents in all : how many did he buy of each ? 
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9. Jamea bought an equal mimber of apples, pears, and 
lemons; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
72 cents in all : how many did he buy of each f Verify, 

10. A fermer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars ; be paid 3 doUars 
Rpiece for the sheep, 6 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did he buy of 
each? 

11. A farmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought hi'" S shilling apiece, the geese 5, and the tui-keys 
7 : how many did he sell of each sort? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yai'ds in each piece ? 

13. The sum of three numbers is^8 ; the second ia twice 
the first, and the third twice the second; what are the 
numbers ? Verify. 

14. The sum of three numbers is 64 ; the second is 3 times 
the fii-st, and the third 4 times the second : what are the 
numbers ? 



1. If 1 yard of cloth costs le dollars, what will 3 yards 
cost? 

Analysis. — T\vo yards of cloth will cost twice as much as 
one yard. Therefore, if 1 yai-d of cloth costs x dollai's, 
2 yards will cost twice a dollars, or 2x dollara. 

2. If 1 yard of cloth costs x dollars, what will 3 yards 
cost ? Why ? 
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3. If 1 orango costs x cents, what will 1 orargcs cost \ 
Wliy? 8 oranges? 

4. Charles bought 3 lemons and 4 oranges, for whicli he 
paid 22 cents. He paid twice as much foi' an orange as for 
a lemon ; what was the price of each ? 

Analtsis. — Let a; denote the price of a lemon ; then, 23J 
will denote the price of an oi^ange ; 3a; will denote the cost, 
of 3 lemons, and %x the cost of 4 oi-anges ; hence, 3* plus 
8*, or 11a, will denote the cost of the lemons and oranges, 
which is 22 cents. If 11* is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, the 
price of 1 lemon is 2 cents, find that of I orange 4 cents. 



Let a; denote the price of 1 lemon ; tlieTi, 

2a! = " 1 orange ; and, 

Sn- 4- 8ar = lla; = 22 cts., the cost of lemons andoranges; 
hynce, a; — — — — ^ = 2 cts;, the price of 1 lemon ; 

and, 2x2 = 4 cts., the price of 1 orange. 

VEHrFICATION. 

3x2= 6 cents, cost of lemons, 
4x4=; 16 cents, cost of oranges. 
22 cents, total cost. 

5. Jiimes bought 8 apples and 3 oranges, for which he 
paid 20 cents. He paid as much for 1 orange ^ for 4 apples- 
what did he pay for one of each ? 

6 A farmer bought 3 calves and ^ pigs, for which he paid 
19 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each? 

1. James bought an apple, a peach, and a pear, for which 
he paid 6 cents. He paid twice as much for the peach aa for 
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the apple, and three times as much for the pear aa for tlie 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he psud 24 cents. He paid twice as much for the 
iemon as for the apple, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A fanner sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves: 
what was the price of each ? 

10. Lucy bought 3 pears and 5 oranges, for which she 
paid 26 cents, giving twice sa much for each orange as for 
each pear ; what was the price of each ? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as ninoh for the penknife aa 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 56 cents 
among them, so that John shall have twice as many aa 
James, and Charles twice as many as John: what is the 
sliare of each? 

33. Put 54 apples into three baskets, so that the second 
shall contain twice as many as the first, and the third as 
many as the first and second : how many will there he in 
each. 

14. Divide 30 into fonr such parts that the second shall 
be double the first, the third double the second, and the 
fourth double the third : what are the numbers ? 



LESSON VL 

. If 23! + M is equal to 3a!, what is Hx — x equal 

Written, Sx — x = 2x. 

. What ifl 4o; — JB equal to ? Wntton, 
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3. What is 8io minus Gar equal to ? Written, 

8* — Oa; = 2k. 

4. What is 12a; — to equal to ? Ans. 8£t 

5. What is I5x — Ix equal to? 

6. What is llx — 13ic equal to? Ans. 4x. 
'!. Two men, who are 30 miles apart, trayel towards each 

other ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : hoiv long before they will meet? 
Analysis. — ^Let x denote the number of honrs. Then, 
since the time, multiplied, by the rate, will give the distance, 
23! will denote the distance traveled by the first, and 3x 
the distance traveled by the second. But tlie sum of the 
distances is 30 miles ; hence, 

2x + 3x = 5x — 30 miles ; 
and if 531 is equal to 30, x is equal to 30 divided by 5, 
which is 6 ; hence, they ^viU meet in 6 hours. 

Let X denote the time in hours; then, 

2sc = the distance traveled by the 1st; and 
331 = " " 3d. 

By the conditions, 

2a; + 33! = 5a: = SO miles, the distance apart ; 

hunce, a: — — = 6 hours. 



2x6^ 12 miles, distance traveled by the first. 
3 X 6 = 18 miles, distance traveled by the second. 
30 nules, whole distance. 
8, Two persons are 10 miles apart, and are traveling in 
the same direction; the first at the rate of 3 miles an hour, 
and t}ie second at the rate of 5 miles; how long, before the 
second will overtake the first ? 
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Analysis. — Let a; denote the time, in hours. Then, Zx 
"^■ill denote the distance traveled by the first in x hours; 
and 5a! the distance traveled by the second. Bnt iviien 
the second overtakes the first, he will have traveled 10 miles 
more than the first ; hence, 

5a: — 3a; z= 2k — 10; 
if 2a! is equal to 10, x is equal to 5 • hence, the second will 
overtake the first in 5 hours. 

■WRITTEN. 

Let X denote the time, in hours; then, 

3x = tlie distance traveled by the 1st; 

and, 5x = " " 2d; 

and, 5x — 3x = 2x = 10 hours; 

10 
or, a; = — = a hours. 

VEEIFICATION. 

3 X 5 = 13 miles, distance traveled by 1st, 

5 X 5 ~ 25 tniles, " " 2d. 

25 — 15 = 10 miles, distance apart. 

9. A cistern, liolding 100 hogsheads, is filled by two 
pipes; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes ; 
the first disohai-ges 4 hogsheads in a minute, the second 1, 
and the third 1 : in what time will they fill tlie dstem ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute; but there is a 
waste pipe which loses 4 hogsheads a miuute : bow long 
will it take to fill the cistern ? 

12. Two piec^ of cloth contain each an equal number of 
yards; the first cost 3 dollars a yard, and the second 6, and 
both pieces cost 96 dollars : how many yards in each ? 

13. Two pieces of cloth contain each an eqnal number of 
yards; thefirst cost 'Tdollaraayard, and the second 5; the first 
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cost 60 dollars more than tlie second ; how many yards in 
each piece ? 

14, John bought an equal number of oranges and lemons 
the oranges cost him 5 ccQts apiece, and the lemoua 3 ; and 
he ]ianl 5C cents for the whole : how many did he buy of 
each kind? 

15, Charles bonglit an equal number of oranges and 
temoDS ; the oranges cost him 5 cents apiece, and the 
lemons 3 ; he p^d 14 cents more for the oranges than for 
the lemons : how many did he buy of each ? 

16, Two men work the same number of days, the one 
receives 1 dollar a day, and the other two : at tlie end of 
the time tliey receive 54 dollars : how long did they work ? 



LESSON VII. 
1. John and Charles together have 25 cents, and Charles 
has 5 more than John ; how many has each ? 

Anaitsis. — Let X denote the number which John has ; 
then, IB + 5 will denote the number which Charles has, and 
ai + le + 5, or So; + 5, will be equal to 25, the number 
they both have. Smco 2iE + 5 equals 25, 2ai will be 
equal to 25 minus 5, or 20, and le will he equal to 20 
divided by 2, or 10; therefore, John has 10 cents, and 
Oharles 15. 

Let IB denote the number of John's cents ; then, 
a; -|- 3 = " Chai-ies' cents ; and, 

a: 4- a; + 5 = 25, the number they both have ; or, 
2a; -}- 5 = 25 ; and, 

2a: = 25 ~ 5 = 20 ; hence, 
20 



10, John's number; and, 
10 + 5 — 15, Charles' mtriiber. 
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VERIFICATION. 



: gS, tlie eiim. 



the difference. 



2. James and Join have 30 marhles, and John has 4 mora 
than James : how many has each ? 

3. William bought 60 oranges and lemons ; there weio 
20 more lemons than oranges : how many were there of 
each sort ? 

4. A fai-mer has 20 more cows than calves; in aU he haa 
36 ; how many of eaoh sort? ■ 

5. Lucy has 28 pieces of money in her purse, composed 
of cents and dimes; the cents exceed the dimes in number 
by 16 : how many ai'c there of each sort ? 

6. What number added to itself^ and to 9, will make 29 ? 

7. What number added to twice itself, and to +, will 
make 25? 

8. "What number added to three times itself, and to 12, 
will make 60 ? 

9. John haa five times as many marbles as Charles, and 
phat they both have, added to 14, makes 44 : how many haa 
each? 

10. There are three numbers, of which the second is twice 
the first, and the third tivice the second, and when 9 is 
added to the sum, the result is 30 : what are the numbers? 

11. Divide 17 into two such parts that the second shall 
be two more than double the first: what are the parts? 

12. Divide 40 into three such parts that the second shall 
be twice the fii^t, and the third exceed sis times the first 
by 4 : what are the pails? 

13. Charles has twice as many cents as James, and John 
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has twice as many as Charles ; if Y be added to wliat they 
all liave, the sum will be 28 : how inany has each ? 

14. Divide 15 into three B«ch parts that the second shall 
be 3 times the first, the third twice the second, and 6 over; 
what ai'e the numbera? 

lo. An orchard contains three kinds of tvees, apples, pears, 
and cherries; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, thw 
nimaber wih be 40 ; how many are there of each ? 



LESSON vni. 

1. John after giving away 5 marbles, had 12 left: how 
many had he at fli'st ? 

Analysis, — Let x denote the namber; then, x minus 5 
will denote what he had left, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 13, 
increased by 6 ; that is, to 1 7 : therefore, he had 17 marbles. 



Let X denote the number he had at first; then, 
X — 5 — 12, what he had left; and 

a:=12 + 5 = 17, what he first had. 



17 — 5 ^ 12, what were left. 

2. Charles lost 6 marbles and has 9 left : bow many bad 
he at first ? 

3. 'William gave 15 cents to John, and bad 9 left : how 
many had bo at first ? 

4. Ann plucted 8 buds from her rose bush, and there 
were 1 9 left : how many were there at first ? 
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5. Williiim took 27 cents from hia purse, and there were 
Hi kft: how iiiiiny were there at first? 

6. Tile Bum of two numbers ia li, and their difference is 3 ; 
what are the nuiiibei-s ? 

Axivr.YSis,— The difference of two mimhcrM, added to the 
(ese, will give the greater. Let x denote tlie less number; 
then, « -!- 2, will denote the greater, and x + x + 2, 
will denote tlieir sum, which ia 14, Tiien, 2* + 2 equals 
14; and 2a; equals 14 minus 2, or 12: hence, x equals 
13 divided by 2, or 6 : hence, the Bumbera are C and 8. 

VESIPICATIOX. 

e + 8 = 1 4, their sum ; and 
S — 6 = 2, their difference. 

T. The sum of two numbers is 18, an^ iheir difference 6: 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than Jobn : how many has each ? 

0. Jane and Luey have 16 books, and Lucy has 8 more 
than Jaue : hov.- many has each ? 

10. Williara bought aji equal number of oranges and 
lemons; Charles took 5 lemons, after which William had but 
25 of both sorts : how many did he buy of each ? 

11. Mai-y has an eqnsl number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
ra both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
is 6 : what are (he numbers ? 

A2*Ai.ys!3. — ^If X denotes the greater number, x — & mW 
denote the Jess, and x + x ~ 6 will be equal to 20 ; henee, 
2x equals 20 + 6, or 26, and x equals 26 divided by 2, 
equiilF 13; hence tiic numbers are 13 and 7. 
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Let X clouote the greater ; tliei), 

K — 6 = the loss ; and 
a 4- ar — 6 = 20, their mm ; hence, 
2:t! = 20 + 6 = 26 ; or, 

3! = -- ^ 13 ; and 13-0 3^ 7. 



13 + 7 — 20; and, 13 — 7 ^ 6. 

13. Tlie sum of the ages of a father and son ia 60 yeare, 
and their difference is just half that number : ivhat are the'r 
ages? 

14. The sum of two numbers 13 23, and the larger lacks 
1 of being 1 times the smaller : what are the rmmbers ? 

16. The sura of two numbers is 50 ; the larger is equal to 
10 times the less, minus 5 : what are the numbers ? 

16. John haa a certain number of oranges, and Charliffl 
has four times as many, loss seven ; together they have 53 : 
how many has each ? 

17. An oichard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the wliule num- 
ber is 30 : how many of eaeb sort ? 



LESSON" IS. 

T, If a; denotes any nurabor, and 1 be ailrled to it, iiiial 
will denote the sum ? jlns. a: + 1. 

2. If 2 be added to x, what will denote the sum ? If 3 
be added, what ? If 4 be added ? &c. 

If to John's marbles, one marble be added, twice hia nuni* 
ber will be equal to 1 ; how many had he ? 

Analtsts, — Let x denote the number ; then, k + 1 will 
denote tbe nmnber after 1 is added, and twice this number, 
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or 2aj + 2, will be e^wl to 10. If 2a; + 2 is equal to 10, 
2x will be equal to 10 raii™s 2, or 8 ; or x will be uqiiiii to 4. 

Jiist 31 denote tlie niimbor of John's marbles ; then, 
a; + 1 = the imraber, after 1 is iidded ; and 
2(fl! + 1) ~ 2io + 2 = 10; hence, 

2fl; = 10 — 2 ; or a; = ^ = 4. 



2(4 + 1) = 2 X 5 = 10. 

4. Write x + 2 multiplied by 3. Ans. 3{x + 2), 
What is the product ? Ans. 3iC-t-6, 

5. Write x + 4 multiplied by 5. Ans. b{x + 4). 
What is the product ? Ans. 5x + 20, 

6. Write w + 3 multiplied by 4. A71.R. ^(x + 3" 
What is the product ? Ans. -ix + U 

7. Lucy has a certain number of books ; her fother givaa 
her two move, when t\^iee her number is equal to 14 : how 
maiiy has slie ? 

8. Jane iias a cert^n number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 15 ; 
how many were in blossom at first ? 

fl, Jane has a certain number of handlterehiefSj and buys 
4 more, when 5 times her number is equal to 45 : how many 
had she at first ? 

10, John has 1 apple more than Charles, an 1 3 times 
John's, adfled to what ChaJ-les has, make 15 : liow many 
has each ? 

Analysis, — Let x denote Charles' apples ; then a + 1 will 
denote John's ; and x-\ 1 multiplied by 3, added to x, or 
3af + 3 -(- a, Ti-iU be equal to 1 5, what they both had ; hcnco, 
4=5 + 3 equals 15; and 4x equals 15 niinns 3, or 12; aiid 
0! = 4. Write, and verify. 
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11. Jamiis lias two martlea more than William, auA twice 
l-.isiiiavblea phis twice Williani's are equal to 16: how many 
has each ? 

12. Divide CO into two such parts that one part shall ex- 
ceed the other by i. 

13. A frdt-basket contains apples, peavs, and peacSies; 
tliero are 2 more peai's than apples, and twice as many 
peaches as pears; tJiere are 22 in all: how maiiy of each 
sort? 

H. "What is the sura of x + 3x + 2{cr. + 1) ? 

15. "VVliat is the sum of 2{x + 1) + l(x + 1) + a;? 

16. What is the sura of a: + 5{x + 8) ? 

17. ITie stmi of two numbers is 11, and the second is eqna] 
lo twice the first phis 2 : what are the numbers? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he paid 27 cents ; he paid 1 cent more for a lemon 
than for an apple, and I cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Maiy, and Ann, have 15 cents; Mary has 1 
more than Lucy, and Ann twice as many as Mary? 



LESSON X. 

1. If a denote any number, anti 1 te subtracted fi-om it, 
what will denote the difference ? Ans. x — 1. 

If 2 be Euljtracted, what will denote the difference ? If 
3 bo subtracted? 4? &c. 

2. John has a cei-tain numter of mai'blea ; if 1 be taken 
away, twice the remainder will be equal to 12 : how many 
ha? ho? 

Anaitsis.— Lot X denote the number ; then, k — 1 wili 
denote the number after 1 is taken away; and twice this 
number, or 2(a — 1) = 2ai — 2, will "be equal to 12. If 2ji 
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diminished by 2 is equal to 12, 2iK is equal to 12 plus 2, or 
14 ; iiencc, le cquala 14 divided by 2, or 1. 

Let X denote llio iinuiber ; tlicn, 

a; — 1 ^ the number ivliioh remaiiicd, and 

2(a; — 1) ^ 2a; — 2 =: 12 ; hence, 

]4 
2a; :^ 12 4- 2, or 14 : and a; = — = 1. 



2(7-1) = U - 2 ^ 12 ; also, 2(7-1) ^ 2x6 = IS. 

8, "Write 3 times a; — 1. Ans. S(x — 1). 

What is the product equal to? Ans. Sx — 3, 

4. Write 4 times x — 2. Ans. 4(fl; — 2). 
What is the product equal tof Ans. ix — 8. 

5. "Write 5 timta a; — 5. Ans. 5(x — 5). 
What is the product equal to? Ans. 5x — 2 

6. IS X denotes a certain number, will a; — 1 denote a 
greater or less number ? how much loss ? 

7. U X — I is equal to 4, what will x be equal to f 

Ans. 4 + 1, or 5. 

8. If a; — 2 is equal to 6, what is x equal to ? 

9. James and John together have 20 oranges ; John has 
6 lees than James : how many has each ? 

10. A grocer sold 12 potinds of tea and coffee ; if the tea 
be dimmishcd by 8 pounds, and the remainder midtiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each ? 

11. Ann has a ccftaiu number of oranges; Jane has 1 less 
and twice her number added to Ann's make 13 : hew many 
nae each.? 

Analvsis.— Let x denote the number of oranges which 
Ami has: tiien, x — 1 -will denote the number Jane has, 
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and jc -f 2a; ~ 2, or 3a: — 2, wiH denote the number both 
have, which is 13. If 3x — 2 equals 13, 3x wilt be equal 
to 13 + 2, or 15 ; and if Sx is equal to 15, x will be equui 
to 15 divided by 3, which is 5 : henue, Ana has 5 oranges 
aiid Jane 4. 



Lei X denote the number Ann has ; then, 
K ^ 1 ^; the number Jane has ; and 
2(a; — 1) = 2a! — 2 ^: twice what Jane has; also, 
a; + 2a; — 2 = 3a; — 2 = IS; hence, 

Sa; ^ 13 + 2 i:^ 15 ; or K = -^ = 5. 

VERIFICATION. 
5 — 4 = I ; and 2 X 4 -(- 5 — 13. 

12. Cbarlea and John have 20 cents, and John has G Icsa 
than Cbai'les : how many Las each ? 

13. James has twice as many oranges as lemons in Lis bas- 
ket, and if 5 be taken from the whole number, 19 will re- 
main : how mnny had he of eaeii? 

14. A basket contains apples, peaches, and pears ; 29 la 
alL If 1 he taken from the nuniber of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort ? 

15. If 2a; — 5 equals 15, what is the value of x? 

16. If 4a; — 5 is equal to 11, wluit ia the value of a;? 
17 If S3! — 12 is equal to 18, what is the value of a;? 

18. The sum of two numbeis ia 32, and the greater es- 
ueeds the less by 8 : what are the nurabej'S? 

19. The sum of 2 numbers is ; if the greater number 
bi! diminished by 5, and the remainder nmhiplied hy 3, the 
product W0I be the !cs3 number; what ai'e the nunibei'sP 

20. Tiiere arc three numbers siicli that 1 taken from the 
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Srst will give the second; the second nniltiplieii by 3 will 
give tiie third ; aiid their sum is equal to 26 : what are thu 
jiumbei-s ? 

21. John aud Charles togotlier havfl ^ust SI oranges; if 
1 he taken from Joliu's, and the remamder be multiplied by 
S, the product will be equal to Chai'les' number ; how many 
has each ? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; the nnniber of lemons exceed the apples by 2, and 
the number of oranges ia double that of the lemons ; how 
many are there of each? 



LESSON XI 

1. John has a certain number of apples, tlie half of whioh 
18 otiiial tfi 10 r how many has he? 

ANAi.Tiiis. — Let iB denote the numbei' of apples ; then, 
X divided by 2 is equal to 10; if one half of x is equal to 
10, twice one-lialf of x, or x, is equal to twiee 10, which is 
20 ; hence, x is equal to 20. 

Note, — A Biinilar analysis is applicable to any one of the 
fractional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
Ms tiuiribcr is 15 : how many has he ? 

3. If one-fifth of a number ia C, what is the number? 

4. If one-twelfth of a number is 0, what is the number ? 
6. What number added to one-half of itself will give a 

sum equal to 12? 

A»f,u.TSis. — Denote the number by x; then, x plus one 
half of X equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of a: equals one-third of J2, 
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or 4, K one-5ialf of tc eqnnls 
licr.ce, x equals 8, 



Let X denote the imiiiLur; theu, 
a + lx = ^x = 12 ; Iheo, 



8f- = 8 + 4:^12. 

6. What number added to one-lliird of itself will gives 
sum equal to 13? 

7. What imrnber added to one-fourtli of itself will give 
a sum equal to 20 ? 

8. "Wliat nmabei- adScd to a fiftli of itself will make 24 ? 

9. 'Wliat number dirainblied by one-iialf of itself will 
leave 4 ? Why ? 

10. What number dimiulshed by otie-third of itself will 
leave 6 V 

11. James gave one-sevoath of liis marbles to Wiiliam, 
and then has 24 left: how many had he at first? 

12. What number added to two-third? of itself will give 
a sum equal to 20 ? 

1.1. What number diminished by three-fourths of itself 
will leave 9 ? 

14. What number added to fi\e-se\'enths of itself will 
make 24 ? 

15. What nnmbcr diminished by sevon-eightlis of itself 
will leave 4? 

1 6. 'Wiiat number added to eight-ninths of itself will 
make 54 ? 
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CIIAI=TEI1 I. 

A^^D EXPLANATOaV S1CW9. 

1. Quantity is anything whicli can lie increasefl, 
diminished, and measured; as number, distance, weight, 
time, &c. 

To measure a thing, is to find how many times it eon- 
tains some other thing of the same kind, tjikeu us a stand- 
ard. ']?he assumed standard is called the unii of measure. 
3. Mathematics is the science which treats of the 
measurement, properties, and relations of quantities. 

In pare mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Units, viK, : Units of 
Number ; Units of Currenei/; Units of Len.gth ; Units of 
Surface; Units of Volume; Units of Weight; Units of 
Time ; and Units of A.ngular Measure. 

3. Algebra is a brancli of Mathematics in which the 
quantities considered are represented by letters, and the 
operations to be pei-foi-raod are indicated by signs. 

1. What is quantity? What [s tlio operatiou of measuring u thing? 
What ia the assumed atindiircl called? 

2. What ia Mathematics? How many kinds of quantity nre there in 
Xw pure mathematics? Same the ooiti- of thosi quantities. 

3. XVhat is Algebra? 
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4. The quantities employed io Algebra are ctf two kinds, 
^nown&iid Unknown: 

Knovyn Quantities are tliose wliose values are given ; 

and 
Unkrumn Qiiantities are those whose values are ic 
qiiii'ed. 
Knoiim Qtiantities are generally represented by tlie lead 
liig letters of the alphabet, as, a, b, c, &c. 

Unknown Quantities are genei'.ally represented by the 
final letters of the alphabet, ; &s, se, ^, z, &c. 

When an imhnown quantity becouies known, it is often 
denoted by ttie same letter with one or more accents ; as, 
x', x", x". These symbols are read : x prime; m seco-nd; 
m third, <&c. 

5. The Sign of Addition, +, is called j)?wa. When 
plaeed between two quantities, it indicates that the second 
is to be added to tlie lii-st. Thus, « + 6, is read, a plus fi, 
and indicates that b is to be added to a. K no sign is 
written, the sign + is understood. 

The sign +, is sometimes called the poaitive agn, and the 
qnautitita before which it is wi'itton are called positive guaitr 
tities, or additive quantities. 

6. The Sign ov SuBrEAonoN, — , is called Tninus, When 
placed between two quantities, it indicates that the second 
is to be subti-acted from the first. Tiiua, the expression, 

4. How Biany kiuds Of qunntilloa ore employed in Algebra? How arc 
they distinguiahed f What are kcown quaotitioB ? What are uuknowu 
quautides? By what are the knowa quantities reproEentcd ? Bj what 
are the uakuown quantities represented ? When on uukuowii quantity 
becomes known, how ia it often denoted? 

5. What iaibe sign of addition called? When placed between two 
qufln^UcB, what does it indicate ? 

6. Whatia the sign of subtraction called? When placed betweea two 
■IfjiLiiti--^, n-hat doca it indicate ? 
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c — d, lend c minus d, iiidicattsthat d is to be subtracted 
from c. If a stands foi' 6, and d for 4, then a — d is eqaaJ 
to 6 — 4, wMcli is equal to 2. 

Tiie sign — , is sometimes called the negative sign, and tlie 
qiumtities before wliicii it Is written are called negative C[uan- 
sities, or subtractive guatUities. 

7. Tlie Sign of Multiplication, x , is read, multqjlkil 
by, or iiito. When placed between two quantities, it indi- 
cates that the fii-st is to be multiplied by the second. Thus, 
axb indicates that a is to be multiplied by 5. If a standi- 
for 7, aad b for 5, then, « X 6 is equal to 7 x S, which ia 
equal to 35, 

The multiplication of quantities is also indicated by simply 
writing the letters, one aJler the other ; and sometimes, by 
placing a point between them ; thus, 

axb signifies the same thing as ab, or as a.b. 

a X b X siguiiies the aauie thing as abc, or ;ia a.h.i:. 

8. A Fact'ok is guy one of the multipiiera oi' a )noduct. 
Factors are of two kinds, numeral and literal. Thus, in tiia 
expression, 5abc, there are foar factors : the jiMmej-ai factor, 
5, aad the three literal factors, a, b, and c, 

O. The Sign of Division, -=-, is read, divided by. When 
written between two quantities, it indicates that the first is 
to be divided by the second, 

7. How is the sign of muUi plication read ? "When placed between Cxvo 
quanUtioa, what, dooa it indicate ? In how manj waje may multiplication 
be iEdioatod ? 

8. V/iiat ia a factor? How many liinda of factara aie there? Bow 
niauy factora are there in Soie? 

9. How ia the sign of division read f When wiittcn between two quan- 
tirica, wtuit does it ludifato? How many ways are thei-o of indicatitig 
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Thftrc iirc tliroc t-igos usctl to denote division. Thae, 
a -j- 6 denotes tliat a is to be dividecT by b. 
J denotes that a is to be divided by b. 

a I 5 denotea that a is to be divided by b. 

30. The Sign OF Equaltty, =, is ro&(\, equal to. Wliun 
■■viittcn between two quantities, it indicates that they am 
equal to each other, Tlius, the expression, a + b — c, in- 
dicates that the sum of a and 5 is equal to c. If a stands 
ibr 3, and b for 5, c will be equal to 8. 

sa. The SiG?r of Iskquality, > <, is read, greuier 
f/itn, or less thnn. When placed between two quantities, 
it indicates tbat they aro unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
rt > 5, indicates tbat a ia gi-eater than 6; and the expres- 
sion, c <. d, indicates that c is less than d. 

Bg, The sign , ■ . means, therefore, or consequently. 

as. A Coefficient is a nnmber written before a qnan. 
tity, to show bow many times it is taken. Thus, 

a+a + a + a + a = 5a, 
in which 5 is the coefficient of a. 

A coefliciont may be denoted either by a number, or a 
klter. Thus, 5a; indicates that x is taken 5 times, and ax 

10. Wba-t ia the sign of equality ! When placed between two quauti' 
ties, what doea it indicate ? 

11. How Is the sign of inequality read? Which quantity is placed on 
the Hide of the opening? 

!2. What does .■. indicate? 

13. What ia a coeffiuient? How many limes is a taKen in Ba, l>y 
what may a coefficient be denoted ? If no coefficient is ivritlen, what 
coefficient iaundepslood ? Tit Bsj', liow ni:iny linien ra aj: taken? [fu.v 
Biauy timpB is t Inkcn f 
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iniJicatesthiit x is taken a times. If no coefficieot is writ- 
ten, the coefficient 1 is iindorstood. Thus, a is tlie same 
as \u. 

33. An Expokent is a number iviitteii at tlie right anil 
I'lovo a q\mntity, to indicate how mauy tiiuea it is taken a? 

a X a is wrtttCE «', 



&o., &e., 

m which 2, 3, and 4, are ex}xinents. The expreshiuns are 
read, a square, a cube or « tliird, ra fourth; and if ire have 
a", in which a enters m times as a factor, it is read, a to 
the jriX\ or simply a, mth. The exponent 1 is geueraJly 
omitted. Tims, a' is the same as a, each denoting that a 
enters but once as a factor, 

B5. A PowEK is a product w-idch arises from the multi- 
plication of equal factors. Thus, 

« X « = «^ is the square, or second power of a. 
a X a X a =. a^ is the cube, or third power of a, 
a X «t X a X « = a* is the iburtii powei" of a, 
a X a X ... . =: «" is the mth power of a. 

16. A Root of a quantity ia one of the equal factors. 
Tiie radical sign, -^Z , when placed Over a quantity, indi- 
cates that a root of that quantity is to be extracted, Tlis 
root is indicated by a number written over the radical sigi\ 



11. What U an exponcnlT In a', how nifinj timea is a taker 


;asafac. 


orp When no nxponcnt is written, wliat is uiideiBtood? 




15. What is a power of a quimcirj? Wliac is the third pov 


■.er of 2' 


Of 4? OfS? 




16, What is the root of a iiunutity? Wbat iniScates a root 


? What 


indicates ibe kiod of root? Wl,r.l is the indoi of lh,> £qu!ire r 


oot? Of 


tlieciiberoot? Of ths mlli root V 
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Oiilied Ml index. Wliuu the indax is 2, it is generally omit- 
ted. Tims, 

ya, or y^, indicates tlio square root of a, 
^/a indicates tiie cube root of w. 
^/a indicp.tes the fourth root of a. 
"t/a indieatea the mth root of a. 
It. An Ai-ojLBEAic ExPEissiON is a quajitiry wntten iu 
algebraic language. Thus, 

„ (is the algebraic expression of three timea 

( the number denoted by a ; 
. ; j is the algebraic expression of five times 
{ the square of a ; 

/ is the algebraic espression of seTun times 
la^h^ J the the cube of a multijvlied by the 
( equare of b ; 

I is the algebraic expression of the differ- 
Za — bb\ dice between three times a and five 

s the algebraic expression of twice the 
square of a, diminished by three timea 
the product of a by b, augmented by 
I four times the square of b. 

as A TnBiM is an algebraic expression of a eiiigle qii:m- 
tity. Tlius, 3a, lah, — 5aW, are terms. 

B9. The Degkee of a teiTo is the mimber of its hteral 
lactora. Thus, 

( ig a term of the first degree, because it eontaiiis but 
I one hteral factor. 

\1. Wbit is UK olgcbrde expreBsIon 

IS. Whatiaa wcm? 

19. WtintiEUiP clcf('"^eof ntcrinS Whfildetenninpiiths'de^rei? of nlciin' 
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, , ( is of the second degree, because it contains two lite- 
( ral iactora, 

/ is of the foiii'th degree, because it contains foiw literal 
"Ja^b < Victors. The degree of a tenii ia determined by 
( the sum of the exponents of ah its letf era, 

50. A Mo.s'OMiAL is a single term, unconnected with any 
citiiei' by the signs + or — ; thws, 3<x\ 3&'a, are monoininlK. 

51. A Polynomial is a coUection of term a caanccted 
by t)je signs + or — ; as, 

3a - 5, or, 2«^ — 35 + 45'. 
22. A Binomial is a polynomial of two terms; as, 

a + b, 3«^ — c=, 6ab — c\ 
93. A Tkixomlal is a polynomial of three terms ; as, 

abc — a^ + c?, ab — <ih — f. 
2-8. HoMOQEKEOus Teems are those whioJi eontain the 
same number of literal factoi-s. Thus, the tenns, abc, — «', 
+ c^, are homogeneous ; as are the terms, ab, ~ gh, 

95. A Polynomial is noMOGBNEOUS, when all ita tenns 
are homogeneous. Thus, the polynomial, ,aba ~ a^ + c^, is 
homogeneous ; but the polynomial, ab — gh — f is not ho- 

ae. SisriLAR Teems are those which contain the same 
literal factors affected with the same exponents. Thus, 
lab + Zab — 2ab, 

35. Whnt ia a monombl ? 

■il. What is a polynomial? 

•ii. What is a binomial? 

33. What ia a trinomial? 

SI, Wliat ftTB liomogenoous terniB? 

a/i. Wlien is a polyDomial Iiomogeneoua 7 

SB, Whu Bre Eimilar Icms? 
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are similar teiir.s; and so also are, 

but tiie terms of the first polynomial and of the last, are not 
similar. 

37. TnE ViNCULUJir, , the Har | , the Faren- 

thesis, { ) , and the Brackets, [ ] , are ea«h iised to oon- 
uect several quantities, which are to be operated upon in tho 
Thus, ciich of the expressions, 



c-J-S-t-cXK, f& (a + 6 + c)xa^ 

+ c I 
and [«+;,+ ,] X «;, 

indicates, that the sum of a, b, and c, is to bu multiplied 
by X. 

2S. The REcipr.ocu, of a quantity is 1, divided by that 
quantity ; thus, 

1 1 <i 

are tiie reciprocals of 

a, u + 6, *. 

c 

S9. TnE Nl'jieeical Value of an aigebi-aic expression, 
is the result obtauied by assigning a numerical value to each 
letter, and then performing the operations indicated. Thus, 
the numerical value of the expresdon, 
ab + bo + d, 
when, a = ;, & = 2, = 3, and il = 4, is 

1x2 + 2X3 + 4 = 12; 
by perfoi-ming the indicated operations. 
27. For whnt i3 the yinculiir used ! Poiat out tbe other wjya in wbieh 
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BSAMPLES IN WEinNG ALGEBT.AJC ESPIiESSlONS. 

1. "Wiite a Rcided to h. Ans. a -f J. 

2. "Wiite b subtracted from a. Ans. a — b. 

Write the iblloiviEg: 

3. Six times t]ie square of a, minus twice the square of h. 

4. Six times a multiplied by b, dimiiiisbed by 5 timeg c 
cube multiplied by d. 

5. Nine times a, multiplied by c plus d, diminished by 

8 times 6 multiplied by d cube. 

6. Five times a minus b, plus 6 times a cube into b 
cube. 

7. Eight times a cube into d fourth, into e fourth, plus 

9 times c cube into 4 fifth, minus 6 times a into J, into c 
square. 

8. Fourteen times a ])!ns b, multiplied by a minus b, 
plus 5 times a, into c plus cf. 

9. Sis times a, into c plus <?, mhius 3 times b, into a plus 
e, minus 4 times a cube h square. 

10. Write a, multiplied by c plus cl, plus / minua ij. 
31. Write a divided by 5 + c. Three ways, 

12. Write a — b divided by a + 5. 

13, Write apolynomial of three terras; of four terms; of 
five, of six. 

14, Write a homogeneous binomial of the first degree ; of 
the second; of the third; 4th; 5th; 6tb. 

15. Write a homogeneous trinomial of the first degree; 
with its second and third terms negative; of the second 
degree; of the 3rd; of the 4lb. 

Ifi. Write in the same column, on the slate, or black-board, 
a monomial, a binomial, a trinomial, a poljii.omia! of fofir 
terms, of five terms, of sis tonus and of seven terms, and all 
of tlie same degree. 
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rNTEIlPKETATION OP 




IC LASGUJ 


lGE. 


Find the namerial values 


of the 


following 


expressions, 


when, 








a=--l, b^2, 


c = 3, 


(^^ 4. 




1. ab + he. 






^HS. 8. 


2. a + Sc + (I 






Ans. 11. 


9. ad + b — (!. 






^Hs. 3. 


4. ab + be — d. 






^m. 4. 


5. (a -i- li)c'- <l. 






^/(». 23. 


6. {a + h) (d ~ h.) 






^«s. 6. 


1. {ab + ad)c + d. 






Am. 22. 


8. {ab ^ fi) \ad - a). 






J:m,s. 15. 


9. 3a^&* ~ 2{a + (? 4- 1) 






-4^3. 0. 


10. ^^ X{a + d) 






Ans. 10. 


«.+ 6. + ,. „3+, 


^3 + c^ - 


- rf_ 


^?is. 32. 

4«s i 


11. ^ X 


■& + (?' 





Fuid tho numeneal values of the folloivuig expressions, 

rt = 4, 5 = 3, e = 2, and rf = 1. 
13. - - - + o ~ (?. j1?is. 2. 

15. [(r.'» + !)(!] ^ (a'S + <!). An,. 1. 

16. 4fa6o--j X (30c3 — G&3^^j_ Ais. U0S3. 



1». 



' ah ' ho + b 

15ja+<?+g 



,B. =rxp;a ^ -_.^ + . _, X <.'»■««.. ^,„ 
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CHiVPTER n. 

fUNDAMICNTAL OPEllAllONS. 
ADDITION. 

SO. AitninoN is the operation of iiiiding the simplost 
equivalent expression for tl\e aj»gregate of two ov moi'o 
algebraio quantities. Such expression is called their Sum. 

TF/is'i the terms are similar and have like signs. 



81. 1. "What is the Burn of a, 2ff, 3a, and 4a ? 
Take the sum of the coefficients, and annex- the 
literal parts. The first term, a, lias & coufiicieiil, 
1, understood (Art. 13). 



2. What is t 
When no wgn 
stood (Art 5). 



ira of 2ah, 3a&, %ah, and ab. 
rrittton, the sign + is under- 



Add the follomng : 

(3.) (4. 



a the rulB for additloi 



4- "labc 
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('■) (8.) (9.) (10.) 

— Zabo - Sad — lailf — ^ahd 

— loho — 2ad^ ~ f,adf — 15nl>cl 

— baba — 5ad — Sad/ ~ 2iabtl 
Hence, ivhcu the terms are similar and liave like signs : 

EULB, 

Add tfie eoeff,cicnts, and to iJieir sum 2>rejix the common 
sign; to this, annex the common literal part. 



(n.) 


(12.) 


(13.) 


f>ab + ax 


Sac^ — Slj^ 


15f(JV - 12a5o= 


Sab + 3ax 


lad'- - S/j^ 


12Mi>V - Uabo^ 


12ab + 4ax 


3ac^ - Qlfi 


ab^c* - add' 



When the terms are shnilar and have ardike eigne, 

83. Til e signs, + and — , stand in direct opposition to 
each. otSier. 

If a mercliint wiites + before his gains and — liefore ?iis 
losses, at the i,nd cl the year the sura of the plus nnmberg 
will denote the tfims, and the Buni of the minus numbers 
the iosi^es. If the gims exceed tho losses, the difference, 
which is called the al'/ehmi sum, will be plos; but if tlie 
losses exseed the gima, the algebraic sum will be minus. 

1. A merchant m tiade giined $1500 in the first qoai-ter 
of the year, $3000 m the secxjnd quarter, but lost $300G in 
the third quaitt-r, and *i800 in the fourth ; what was the re- 
sult of the yeai s business? 

lat quarter, + 1500 3d quarter, — 5000 

2d " 3000 4th " — 800 

+ 4500 — 3800 

4- 4500 — 3S0O — + 100, or $700 gain. 
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2. A merchant in trade gained $1000 in tlie first qnarter, 
and S2000 t!ie secoucl (Quarter ; in tlie third quarter iie lost 



$1500, and in tha foiiith quailo 
of the j-ear'BbuEincas? 


r S1800; what ht 


IS the rcsnll 


1st qnartei-, 
2d 


+ 1000 

+ 2O0O 


3d quarter - 
4 th " -_ 


- 1500 

-- lyoo 




+ 3000 


- 3300 


+ 3000 


_ S^iOO - ■ 


- 300, or $300 lo 


ss. 


3, A merehaat 
lost b dollars; in 
gained h dollais r 


in the first half-year gained a 
the second half-year he lost a 
v-liat is the resnlt of the year' 


dollars an.l 
dollai-s and 
's business ? 


1st half-yer 
2d 




+ « 


- b 

+ h 


Result, 











Hence, the algeiraic sum of a positive and negative jmoj*- 
titi/ is their arithmetical difference, with the sign 6f the 
greater prefixed. Add the following; 

8«* 4q;c5' — iaWc" 

Sab — 8acb^ + QaWc" 

— Qab acb'^ ~ laWc^ 

5ab — SooS^ 

Hence, when the tciitis are similar and have unhke signs: 
I. Write the similar terms in tJie same column: 
11. Add the coe^cients of the additive terms, mid also 
Vie eo^cients of the subtractive terms : 

in. TaJce tlm difference of these sums, prefix the sign 
of the greater, and then annex the literal part. 



. What is the sum of 
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Having written the similaf tpiMs in tlift same 
column, we find the sum of the positive oocili- 
dentsto be 15, and the sum of the negative 
coetBcients to be ~ 16 : their difference is — 1 ; 
huiice, the sum is — «'6^. 






2. What is the siira of 

affl^S + ha^h — S«'S + Aa^b — 6a'J — tt'fi? A71S. Id'h. 

3. What is the ^m of 

V2.G?h&—Aw'hi?+ 6b'5o=— 8«'5c'4- Ua^fic'? Am. liable'. 

i. "What 13 the sum of 
4a'& — Sa'b — Sa^b + 11«^5? A>-)s. — '2aH- 

6. What is the sum of 
labc^ — abo^— labc^ + Sabc^ + duhe'^l Ans. Jfiabo'^. 

6. What is the sura of 
^cb"— 5cb^— 8(;(c^+ 200534. Qac^ ~ 2iob^ ? Ans. + as . 

To add any Algebraic Quantities, 

33. 1. What is the sum of 3«, 55, and — So? 
Write the q\iantities, thus, 

^a + 5h ~ 2c; 
which denotes theii- sura, as there are no similar terms. 
3. Lot it be reqiiired to find the sum of the quantitice, 
2cB^ iab 
?,a^ - ?.ab + J= 



ba? — aab ~ 4$' 

B3. What 18 tlie rule for the iidditiou of any Elge'Ofn 



by Google 



i DDITION. 



From the preceding examples, we Lave, for the s 
of algebraic quantities, tlie following 



I, Write the quantities to he added, placing similar temis 
in iks same column, and giving to each its proper sigti .• 

H. Ad4 up eaeh column separately and then annex tkt 
dissim.ilar terms with their proper signa. 



X, Add together the polynomiala, 

Sa^ — 2S= — iah, 5(3^ ~ ;>= + 2«5, and 3a5 - Zc^ — 26*. 

The term 3a^ being similar to f , , „ 

5a\ we write 8«^ for the result ^^ " if ' ^J 
of the reduction of these two J ^i* + 2ft6 - & 

tern.s, at the same time slightly + Zdl> - J^^3f_ 

crossing them, as in the fii-st term. [ 8a^ + ab ~ 5b^ ~ 3c' 

Passing then to the tci-ra — 4afi, which is similar to 
+ 2al> and + Sab, the three reduce to + «&, which is 
placed after 8a^, and the terms crossed like the first term. 
Passing then to the tei-ms involving 5', we find their sum 
to be ~ 56^, after which we wi'ite — Sc\ 

The marks are drawn across the terms, that none of them 
may bo overlooked and omitted. 

(2.) (3.1 (4.) 

laie + 9ax Sax 4 3& 12a — 6e 

~ 3abc ~ 3f«o Sax — 96 — 3a - 0c 



NoTB. — ^If M = 5, 5 = 4, c = 2, a; ^ 1, what are the 
numerical values of the several sums above found? 
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i EL 


KMBHTARY 


ALQSBKA. 


(5.) 
8a -!-/ 
-6a -hi' 
-2a-/ 


(G.) 
6(i.-c — 1 


3flC 3«/ 4- £7 ■+- K* 
Pau fli/ — 3(8/ — m 
lac ab — ag-\- S,g 


(8.) 

1x f acib + 30 

~ 3x ~ Zab — be 
bx ~ Qab — Sc 


(0.) 
8a;^ 4- <:-)acx + ISa^S^e^ 
- Ix"- - \Zacx 4- lAaWi? 
■ 4x^ 4- 4aex ~ ZdaWa^ 


(10 
22A - Sc - 
8A + 8c — 


V+3;/ 

2/ - 9<7 + 5s 


(U.) 
19(^A=+ 3«'5* - Sols' 


(U.) 




(13.) 


r* - 9y + 53 + 3 - ff 
a~Zy _ 8 _ ^ 
ic -|~ y - 33 + 1 + 7tf 

2* -h 6j/ -{- 3z — 1 — 6" 


801 4- ?< 
2«- b+ c 
— Za+ b 4- 2<? 
- 65 - 3c 4- 3t; 



14. Add together -^ i + 3c — f? — 115e + e/ - S?, 35 

- 2c — S<^ — e 4- 27/, 5c — 8t? 4- 3/ - V^-, — V5 - 6c 
4- 17*? 4- 0e -5/-1- US', — 3& ~ 5(?- 2e4-6/-9s'4- A. 

Ans. — 85 - 109e + 37/ - 10^- 4- A. 

15. Add together the polynomials la^b — Zabc — S&'o 

- 9(^ 4- cd\ Babi; — 5a'5 4- Sc^ — 45% -|- cf^^*, and 4«^6 

- Se^ -f- 95'c — 3(?K 

^?zs. 0(1=5 A. 5abc — 3Pa — Uo^ + 2c(?= - Sd^ 

16. What IS tho Bum of, oa^e + OSa; - iaf, — 3c(=5c 
-053;4-14a/, — (7/4- S5a; -h 2a'5c, 4- ees/— 85ic4- 6a'5u? 

Ans, lOa^bc -f Sai 4- ^^af. 
11, WLiit is the sum of c/'i^ + S^am + 6, - 6«';t' 
— Co% - J, -1- 95 — 9ahn ~ ^a'n^'i 

Ana. - \<iah\''- — ^lahn + 95. 
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AUDITION. iV 

19. "Wliat is the sum of iaWc — IGa^x — ^ax^d. 

-h QaWo - Gax^d + 11a''(c, H- l&axhl — a'x — 9a^b'^a? 

A71S. a^b^c + (Kt^ct 

19. Wliat is tlie mm of — Ig + ^b -\- Ag — 2b + 3.? 
~ B5 -(- 25 ? Aus. 0. 

20. ■\Thnt is the sum of, ah + 8o;y — m ~ n, -~ dxy 
— Sot .4- ll?i + cif, + Zxy + 4m — 10« +/?? 

21. Wiat is the sum of 4xy + » + dax + 9aw, — 6a!y 
+ 6/1 — 6(i3; — 8awi, Sa;!/ — 7n + ax — a?n? Xks. + oj:. 

(22.) (23.) (24.) 

2(« + b) 5{a' - c=) 9(c3 - «/^) 

3(« + i) _4(«^--c=) V(c'-r./^) 

"-(<'' + ^) - lKj:ii!) - mo' - <»/') 

1[a + b) 6(0' - «/=) 

Note. The quantity within tlie parentliesia must be 
i-egarded as a single quiintity, 

25. Add 3a((/* - h?) ~ 2a((/^ — A^) 4- 4«(-72 - h') 
+ 8(X(5» — A=) - 2a(i/2 — A'^). ^rts. Um(.9' - A'). 

26. Add 3c(a'c - 6=) - 0c(«^c - b^) — 7e(a=c — b^) 
+ 15c(«V - 6^) + c{a^G - V-). Am. 3c(a^c - A^). 

34. In algebra, the term add does not always, aa in 
aiitlimetic, convey the idea of augmentation ; nor tlic tenii 
SMWi, tlie idea of a number numerically greater than any of 
the numbers added. For, if to a we add — J, we have, 
a — t, which is, arithmetically spealdng, a difference be- 
tween the number of units expressed by a, and the number 

34, Do the words mW and mm, in Algebra, convey the same ideas as 
Li AritJimetic;. What ia tho algebraic anm of 9 oad —4? Of 6 and 
- 2 P May an algebraic sum be npgative ? What 13 the Bum of S and 
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ELEMENTARY ALGEBKA, 



of units expressed by b. Consequently, thjs result i 
morically less than o. To rlistinguish this euia fvoi 
arithmetical sum, it is called the aigtbntic mim,. 



SUBi'RACTION. 

35. Subtraction ia the operation of finding the differ- 
ence between two algebraic quantities. 

SO. The quantity to be subtracted is called the Hiihtra- 
Jt^nd ; and the quantity from which it is taken, ia called the 
Minuend. 

The difference of two quantities, is sucli a quantity an 
added to the subtrahend will give a sum equai to the inin- 



1, From lla take 6«. 

In this example, 17a is the niinucud, and 6rt 
the subtrahend: the difference is 11a; because, 
llo, added to 6a, gives 17a. 



The difference may be expressed by writing the quantities 
thus: 



ign of the subtrahend is ch^inged from 4 



2. From \ax take ~ ^x. 

Tlie difference, or remainder, is aucb a quantity, 
US being added to the subtrahend, — fla;, will 
^!;ive the minuend, \5x. That quantity is 24ar, 
and may be found by simply changing tJie sign 
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Rem, 10(Ke — a + 6 
add + a — b 



of tte subtrahsud, and adding. Whence, we Qiay write, 
Jox — {- 9x) = 24a:. 

3. From lOaz take a — b. 

The difference, or remainder, is suob a quantity, as ailded 
to « — 6, wiU give tlie minuend, lOax: wliat is that oaaic 
illy? 

If yon change the signs of both 
ttnna of the eubtraiietid, and add, 
you have, lOax — a + b. Is this 
the true remainder ? Certainly. 
For, if you add the remMader to 
tlae subtrahend, a — b, you obtdo 
the minuend. Wax. 

It is plam, that if you change the Kgns of all the tevrni 
of the subtrahend, and then add them to the minuend, ant 
to this result add the given eubtrahend, the last sum can bt 
no other thai) tlie given minuood ; hence, the first result ii 
the ti'ue difference, or remainder (Art. 36). 

Hence, for the sublraution of algebraic quantities, we hav; 
the foUonhig 



I. Write the terms of the subtraJiend under those of tite 
•nhvuend, placing similar terms in the same cohimn : 

IL Conceive the signs of aU the terms of the eubtrahend 
to be changed from + to — , or from — to +, and tJi^n 
'n Addition. 



ESAilI'LKS OF MONOMIALS. 

(1.) (M (s.) 

^1-om 3«J ^ax Viaho 

tike 2ab Sax la&c 

RcsiL ail ^ux 2<ih,: 



by Google 



ELEM 



From IQa'-b^G 

taks Qn'b'^o 

Hem, la'i/'-G 



From 
take 
Rem, Sfflffi 



('.) 



iahx - 



(8.) 
(9.) 






I. From 
, From 
. From 
. Fi'Oia 

.. From 

. From 
., From 
.. From 
I. From 
. From 



9a*6^ take Za^h\ 
l^a'xij take — ISa'ay. 
\2a'y'^ take Qa*y^. 
\^u^i?y tal e — ISa^K^- 
3a b^ tike 3 b'^. 

M^ft* take 6 *6^. 

a$^ tike fib^ 
•v^y tike y X 
3a: !/ take ti/ 
8a'y a, tike aij/z. 
9 ^b take - 3a^6=. 
14a y take — ZOa^y'^. 

— 24a i» tike leo'fl'. 

— 13a;^^' take — 14cc^*. 

— ^'lah?y take — Sa^a;"? 

— 94(][^2 take Za?it?. 



. Fi-om 

. From 

. From 

. From a + x^ take — y^. 

. From 

. From 

. From 



Ans. 6a'li^, 

Ans. aia'^xy. 

Ans. ia*y\ 

Ans. Sla^x^y. 

Ans. Sa'b^ - SaW. 

Ana. la^b^ — Gia^i'. 

Ans. 3ai= - a%\ 

Ans. xh/ ~ y^'x. 



- ^y- 



Ans. 



Zd^y^x — xyz. 

Ans. 12a^b\ 

Ans. 34a=j/*. 

Ana. — 4lia>b\ 

Ans. x^y*. 

Ans. — 42a^^. 

Ans. — Qla^s^ 



' + S' take — i 
■ Ua'^y take - 
' — X' take a= H 



Ans. a + x^ + y', 
~ P. Ans 2a? + 25^ 
l^a^x^j. Ans. + ad'x^y. 
x\ Ans. — 2x'. 
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BTE ACTION. 



OBNEKAI. 


ES 


AMPLES. 


Prom floe — 5a5 + c^ 


fig 


(1-) 

6ac-5a5+ tP 


take Sff^ -h 3ai* + Ic 


:li 


— 3ac — 3«J — 1c 


Rem. 3ae - Sa/> + c'-lc 


^ Sdo — 8a6 + c^ — 7(3 


(2.) 
From 6aa; — a + SJi^ 




(3.) 


take 9aai — tc + 5^ 




px~3 + a 


Rem. — Sax -a + x + 2bK 




byx — 3«;^ + 3 -r ^'b — a. 


{4-) 
From Ba? - Aa^b + 3i=c 




(5.) 
Aab- cd-\-Sa^. 


take - 2o3 + Sd'b - Sb'^o 




:>ub - icd + 3a? + r,b' 


Rem. 7a= — la^b + llS'^o 


- ab + 2,cd - ob\ 



6. From C6 1- 8 take C — ■ 6. Ans. a ~ c + 13 

"f. Fram 6o' — 15 take Sa^ + 30. Ans. — 3a' — 45 

8. From 6x3/ — Sw^o' take — Ixy ~ aP-c^. 

Ans. 13OT/ — la'c' 

9. From a + c take — « — e. ^ws. 2« + 2c 

10. From 4(a + 5) take 2((( + b). Ans. 2(a + b) 

11. From 3(a + x) take (« + m). Ans. 2[a + x) 

12. From 9{a^ — ««) take — 2(«2 — a!=). 

^/i.. llia^-x-') 

13. From ea^ — 15*^ take — 3b= + 9b\ 

Ans. 9a? — Ub"^ 

14. From Sa" — 26" take cr-" — 26". ^ws. 2«^. 

15. From Sc'm^ — 4 take 4 — 7c%i', ^««. lfic^m= - 8. 

16. From Gam + y take 3am — x Ant. 3am + x + y 

17. From 3ax take 3(za; — y. Ans. -\ y. 
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1 8. From — 7/ + 3"' ~ ^^ ^^^'^ — 6/ — 5j?i ~ 2x + 
8d + 8, ^«s. -/ + 8m - Ox ~ 3d - 8. 

19. From — « — Si + 7c + tf take 41, - c + 2d + 2k. 

Ans. — a — 96 + So — (i — •Hi. 

20. From — S(i + i - 8c + 7e — 5/ -H 3A - 7a! — 1 ;f 7 
t^ke k + 2a — Qo + ^e — Ix + If — y — ?.l — k. 

Am. ~ 6a + i + c - e — 12/ + 3A — 12y + 3/. 

£1. From IX ~ Aa - 2h + 5 take 8 — 6J + a l 03% 
^ns. — 43; — 5ff + 36 — 3. 

22. FroDJ Za-\-h-\-o-d— \0 taUe c + 2« - <?. 

-4?i5. (i + 5 — 10. 

23. From 3o + ft + c — t? - 10 take 6 — 19 + 3a. 

.flMS. c - c? + 9. 

24. From a? + 3t^c + ab'^ — a6e take 6= + f'J= — nSo. 

^)i^. «= + Sft'c — i'. 

25 From 122 + 6« — 46 + 40 tnko ih — 3o + 4dt + 

fif^ — 10. Ans. 8a! + 9tt — 86 — Ot? + 50, 

26. From 2a! — 3« + 46 + 6c — SO take 9<i + k + 06 
_ 6c ~ 40. ^ft.', 0; — 12« - 26 + 12(; - 10. 

27. From 6a — 46 — 12e + 12a; tiike 2a; — 8,3 + Ah 
_ 6c. ^"S. 14a - 86 - Go + 10a;. 

38. In Algebra, the terra differe^ice does not always, as 
in Arithmetic, denote a number less than tlie minuend. For, 
if from a v:q subtract — b, the remainder will be o. + 6 ; 
and this is numerically greater than a. We distinguish 
bctwofitt the two cases by calling this result the al<iebnik 
difference. 

88. In Algebra, as iQ Aritlimetio, doca the term difference denote a 
Ciniber less than the minuend ? Dow are the results Itt tiic twc cuflca, 
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39. "VVLen a polynomial is to be subtracted from tia al- 
gebraic quantity, ive incloae it in a parentSiesia, place the 
Liiiiius sign buibi'e it, and Ihun write it al'lcr the luinueud. 
Tims, the expression, 

6a^ — {Sab — %V^ + 2^;), 
imlicates that the polynomial, 'Aab — lb''- -V 2Jc, is to be 
taken from 6a', Pertbrmiag the operations indicated, by 
the rule for subtraction, wc have the equivalent expression : 
6«2 - 3a6 + 2^^ — 26e. 
Tlie last exprcsKon may be changed to the former, by 
changbg the signs of the last throe temis, incloebg them in 
a parenthesis, and prefixing the sign ~. Thus, 
6a' — 3a* + W- — 25c = Ca^ — {fiah - 26^ + Iha). 
In lil;e manner any polynomial may be transformed, aa in- 
dicated below : 
liV" — Sa^b - ^Vc + 653 ^ 7„j _ (g^j;, + 4S'^c — CJS) 
= 7«= — 8a'5 — {4j'c - 65^). 

8a^ ~W + c - d ^ 8a^ — (W - c + </) 

^ 8a' - 1¥ - {- c + d). 

95' - « + 3«" - t/ = 05^ - [a— 3a' -h d) 

- Si' — ffl - (- 3«' + d). 
J^OTE. — The sign of every qiiantity is changed when it ia 
placed \Tithin a parenthesis, and also when it is brought oui. 

40, From the preceding principles, we have, 

a — {+ b) = a — b; and 
a- (-b) = a+b. 

39. How is the eubiractioa of a poljiiominJ iudicated? How ia Ibis 
Iji'iioated operation porformed ? Flow maj' the result be again put under 
ibe first form 1 Wbat is the gencrftl riile ia regard to the paronthoais ? 

40, What is the sign which immediately precedes e, qudEtity calledP 
What is the sign whieh precedcp the parenthesis rallej? What is the 
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KLEMENTA RV 



The sign immediately preceding h is called the sign of tf^e 
quantity; the sign pi'eeeding the parentbesia is caJled the 
sign of operation ; and the sign resulting from the combin- 
ation of the signs, ia called the easeniial sign. 

When the sign of operation is different from the sign of 
t!ie quantity, the essential sign will ho — ; when the sign o( 
ojifnition is the same as the sign of the quantity, the esaen- 
tial sign will be +. 



MULTIPLICATION, 

41. 1. If a mnn earns a dollars in 1 day, how much will 
he earn in 6 days? 

Analysis. — In 6 days he will eai^n sis times as much as in 
] day. If he earns « dollai's in 1 day, in 6 days he will e:irn 
6a dollars. 

2. If one hat costs d dollars, what wiQ 9 hats cost? 

Ans. &il dollars, 

0. If ] yard of cloth costs c dollai-s, what wil! 10 yarda 
cost? Ans. 10c dollare. 

4, If 1 cnivat costs b cents, what will 40 cost? 

Ans. iOb cents. 

5. li' 1 pair of gloves costs 5 cents, what will a pairs 
cost? 

Analysis. — If 1 pair of gloves cost 6 cents, a pairs will 
cost as many tiraoa b cents as there are nnita in a : that is, 
6 taken a times, or ab ; which denotes the product of b 
by a, or of a by 5. 

resulting sign called? When the sign of operation is different from the 
otgn of the quantity, what is the easential eign 1 When the alen of ope- 
ration is the sfinie as the wf!B of the qnantity, what is the essential Mgn 

41. What ia Mul^pliealiOD ? What is the qHHQtitj to be mnltlplioii 
called F Whal, is that called by Hhich it is niQltiplIed ? Whiil is the 
rpsiilt called ? 
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MULTI PLICATION, 57 

MuixTiPijcATiON is the operation of finding the product 
of two quantities. 

The quantity to be riiultipUed is called the Multiplicand j 
tliat by which it is multiplied is called the Multiplier; and 
the result is called the Product. The Multiplier and Maltt 
jjlicand are called I^actors of the Pi-oduct. 

0. If a man's income is 3a dollars a wcel^, how much vnll 
he receive in ih weeks? 

Sa X 4b = 12c(5. 

If we suppose a = 4 dollars, and b ^ 3 woclvs, the pro- 
duct will be Hi dollars. 

Note. — It is proved in Arithmetic (Da\'ie8' School, Art. 4 8. 
Uiiivemty, Art. 50), that the product isDOt altered by chang- 
ing the arrangement of the factors ; that is, 

12ab = a y. b X \2 ^ b X a X 12 — a X 12 X b. 

KUi.TipLiCATiON OP I'osnm: MOiSoaiiAi-s. 
42. Multiply 3a'6^ by ta'b. We write, 

Sa^b" X ^a^b = 2x2xa^Xa^xb^xb 

tn A\Uich a U a factor 4 times, and b a factor 3 timee ; 
hence (Art. 14), 

'3aW X 2a^b = 3 x 2a'b^ — (ia'b\ 
ill which we mnltiply the coefficients toyetber, and add the 
ea^nents of the like letters. 

The product of any two positive mouomials may be found 
iji like manner; heuce the 

KULK. 

I, MuUi^y the coefficients together for a new coefficient : 
II, Write after this coefficient all the letters in both mono- 

4a Whal La tlie rult foi luultijilymi; one mouoiiiial t,y .uiotlipr? 
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miiilXf gvoing to each letter an exponent equal Co the sum qf 
Ue expotients iti t/te two factors. 

EXAMPtEe. 

J. Sa'bc'^ X lahiP- = t&aWc^iP. 

2. i\aWcd X Sabc^ = IGSa'b^c'd. 

3 iaba X Tdf - 

(5.) 



Multiply 



2a^b 






9aWc 



(9.) 
Ans. 30«V;^cW. 



10. Multiply baWx^ by Bc'a^. 

11. Multiply l<ia*¥c^ by 7«ct?. 

12. Multiply seo^SVii^ljy 20aiM(?' 

13. Multiply Srt"" by ;!a6\ 

14. Multiply Zarh^ by ea'i". ^«s. 18«" 

15. Multiply ^a^b- by 9a''6\ ^jis. 54«" 

16. Multiply har'b'- by 2a>'6'. ^ws. lOa"- 
n. Multiply Sa'-iV by 2«i"(!. Ana. I0a" + '*"+'c3. 
18. Multiply 6a'&"c" by Sa'SV. Jires. ISa'S" 
16. Multiply l^a^V'cd by ]2«=d5=i/. -4ras. 240a''frWic=y. 

20. Multiply Uoi't^rf^j/ by SOa'c^eV ^- 280«'*'^cViBV 

21. Multiply 8(7^i'V by la^hxy^. Ans. Sea'i'aTy' 
23. Multipl] 75ua;y3 by 5a''hcda?y^. Ans. S75a^bcdx*yh 
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21. Mulli[ily daWc'cP by l'Zd^b*c^. Aiis. lOSa^^c^d^ 
25, Multiply 210(/i."6-W by Sa'6'c^ Ans. 648«'5V<;*' 
2G. Multiply lOa^d'o'dyx by I2a''fj'-c\lxhj\ 

Am. SiOa'^b^^e'dYa^. 



OF VOLTSOmAIS. 



It is 
betwc 
take < 

As 
we be 
ia ac 
hv b 
licncs^ 

If a, 



1. Multiply a — b \>Y c. 

requirefl to lake Uie diference 

in a and b, o times; or, to 

, a — b tiuioB. 

V* can not sulitiMct fi fi'om c, 

!in by taking a, c timcK, wliicl] 
but tliis pioduot is too lavge 

talten c times, wbicl) is bo ; 

the tnie produca is ac — be. 
6, and c, deiiote nmiibers, i 
tlie operation may be wilttGi 



Multiply a ~ b by 



- d. 



It is required to take a — b as 
many times as tiiere are units in 
c-d. 

If we take a — h, c times, we 
liave ac — be; but this product is 
too largo by a — 6 taken d times. 
But a — b taken d times, is ad—db. 
Subtracting this product from the 
preceding, by changing the signs of 
its toTiiis (Art. 3'r), aiid we have, 



ac— be — ad + bd 



- i) + (« - fi) ^ ab ~ be - ad -^ I 
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60 ELEMENTARY ALGEBRA. 

Hciice, wc liave the ibllo-\\'uig 

KULB FOK THE SlGJiS. 

I. When the factors have like signs, the sign of their 
fn-oduct will be + : 

IL When the factors have unlike signs^ the sign of their 
t will be — : 



Tho]-efo]-e, we eay in Algebraic language, that + multi- 
plied by +, or — multiplied by — , gives +; — multi- 
plied by + or + multiplied by — , gives — . 

Hence, for the ^mltil■>li(.^ation of polynomials, we have the 
fillownig 

RULE. 

Muttipli/ every term of the tmdtiplioand by each torm of 
the multiplier, observing that like signs give +, and imlike 
ftipns — y then reduce the result to its simplest form. 

KSAUThKS ra WHICH ALL JUE TliKilS ARE PLUS, 

1, Multiply .... Sa^ + 4ff5 + i" 

by 2 a + Sib 

The pi'oduct, after reducing, + 1 5a^+ 20ab^ + 5P 

becomes .... 6a^ + 23a^&+ 22a5' + 5R 

44. Note. — It will be found convenient to arrange the 
terms of the polynomials with reference to some letter ; that 
is, to write them down, so that the highest power of that 
letter shall enter the first term ; the next highest, the 
Eecond tenn, and so on to the last term. 

4t. How are the terme of a polynomial arranged with referenoe to u 
pnrliuular ielter f What is this letter called ? It the leading letter hi the 
multiplicand and niuttiplior is the pame, whiob will be the luading letter 
ill the prodiittf 
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MULTirLICATION, 61 

The letter M'ith reference to which the arrangeraent is 
made, is called the leading letter. In the above example tin- 
leading letter 19 a. The leading letter of the product will 
always he the same as that of the factore. 

2. Multiply x^ + 2ax + a^ hy x + a. 

Am. 3? + Zax' + Sa'a; + «= 

3. Multiply a? -\- y^ by x -^ y, 

Ans. ir* -\- xy^ + x^y + y*. 

4. Miilliply SceS^ + ecf'c^ by 3o/)^ + 3(/V. 

Ans. ^a^b* + lld^b'^c^ + ISd'c*. 

5. Multiply aW + c^(? by « + b. 

Ans. a^^ + arM + a^-¥ + ft^^if. 

6. Miilii])!y 3aa:= -H OaJ'^ + cd^ by 6a=c^ 

7. Multiply 64a=a^> + 27«=a; + Gab by 8«=erf. 

^?ia. Blia^cdx^ + 2'i6ahdx + '72a*hcd 

G. Multiply «3 + 3a% + Saofi + a? by a + a;. 

A}is. a* + ia^x + Ga^x' + 4aa!^ + a;'. 

0, JIultiply x"^ + y^ by cc + y. 

^ns. a:' + !«//= + x'^y + y\ 

10. Multiply cc' + ccy" -+■ lax by oa; + 5aa;. 

-.-1ms. errsi^ + ^ax^y^ + 42«=a:* 

11. Multi]ily a^ + 3a^& + Zah^ + 5« by a + J. 

Jm. a" + 4ct35 -I- 6(i2&2 -t- 4fflfi3 + 5*. 

!2. Multiply k' + a;=2/ + 33/2 + 2/3 by a: + 1/. 
10. Multiply ir^ + 2x^ + X -\- Z by Sse + 1. 
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62 ELEMENTARY ALOKBRA, 

GENERAL EXAIIPLKS, 

1. Multiply lax -~ Zab 

by 3a ; — h. 

The product %ax^~ Sabx 

becomes after — 2a bx -\- 3ab^ 

reducing &ax^— Uabx + ^ab\ 

2. Multiply a' — 2h^ by a — b. 

Ans. a? ~ lalp — a*h J- 1h\ 

3. Multiply a;' — S3i — J by k -- 2. 

Ane. a;9— 5a;^ - a; + 14. 

4. Multiply Sa^ — f,ab + 25' by a?- — lab. 

Ans. Sa" — 26«-^6 + 3laW — \iah\ 

5. Multiply i= + i' + W by ¥ — 1. Ans. b" ~ b\ 

6. Multiply a;*— 2a!^j/ + 4a;y — S^i/^H- 16;/' by o; + 2>/. 

Ana. X* J- 32y^. 

7. Multiply ix^ — 2y by 27/. .ilras, 8a;'2/ ~ 4;/^ 

8. Multiply 2a;4-4y by 2a: — 4?/. ^^^s. 4a;^— 16/y*. 

9. Multiply a;' + x^y + xij^ + y^ by x ~ y. 

A?is. x* - y. 
10. Multiply a;^ + a;y + y^ by ie^ — xi/ + if-. 

Ans. a;' + x\f + ;!/^ 
U, Multiply 2a^ — Saa; + 4a:= by S«^ — Gusc — 1x^. 

Ans. 10a' ~ 11a?x + S4r(^^ — ISaa;' — to*. 

12. Multiply Sa;= — 2xy + 5 by !B= + 2ary — 3. 

A^is. 3af + 4a;'j/ — 4a:^ — 4a;'j/^ + !6a;y — 15. 

13. Multiply 3!b' + 2aj'y= + 3^^ by 23^ — 3a;=*/' + Sy* 

I 6a* — 5k*;/'' — 6a;'y* + &xhf -f 
''*' I 15a;=i/3 - 9a;^y* + lOieV' + ^^V'"- 
A. Multiply Sera — ecfS — c by 2ffic H- «& + c. 

.^ji.s. iO'-i^a;^ — ia^hx — HaVi'' + G'l'Vi — lob:; - c^ 
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15. Multiply 3«* - 65^ + Sc'^ by a= — b\ 

Ans. Sn^ - 8aW + 3u^c^ + 56' - 55=c». 

16. 3a^ — 5M + cf 

~ 5rfi + 4bd — Srf. ^ 

I'ro.i'cd. — 15«' + 3'?«%!-20aV'-20i^(7''+44&f(?/-8oy^ 

17. Multiiily «"a; — a'h'' by a^", 

le. Multiply «"> + J" Ly -.C - A". ^«s. a^ — 6'". 

19. Multiply (("■ + d" Ly «"■ + 5\ 

Ans. a^" + 2«'"6- + b^". 

DIVISION. 

4.;. Divisiojf is the operation of finding from two quan- 
titiea a thu-d, wliich bciiig multiplied by the second, will 
produce the first. 

The first is called tbe Dividend, the second the Divisor, 
and the third, the Quotimt. 

Dividon is tbe converse of Multiplication. In it, we have 
^vcn the product and one factor, to find the other, Tlio 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial hy another. 

46. Divide 72«' by 8a^ The division is indicated, 
thus : 

T2a^ 



Tlie quotient must bo such a monomial, as, being multiplied 
hy tJie divisor, will give the dividend. Hence, the coefficient 

46. Whit is division ? What ia tbe firal qusntHy culled? The second ! 
rbo third ? What 13 given in division ? What ia [■eqiiired f 
40. What is tlie rate for the divialwi of moiiomini.^? 
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of the quotient must be 9, au<l the literal part a^ ; for these 
quaiititiey umltiplled hy Sa^ v.-il! give V2«*. Ilt-tiKe^ 



Tlie coefficioot 9 is obtained by dividing 72 by 3; and 
the literal part is found by giving to a, an exponent equal 
to S minus 3. 

Hence, for dividiag one monomial by another, we have 
the following 

I. Dlmde the coe^cient of the dividend by the CDe^ient 
of the dioisor, for a new coefficient : 

n, Afier this coefficient wriie aU the Utters of the dividend, 
giviny to each an exponent equfd to the excess of its expo- 
poneni in the dividend over that in tha dioisor. 

8IGXS IN DIVISION. 

47. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, smee the product of two factors 
having the same sign vtR be + ; and tJie product of two 
factoi's having different signa will be — ; we conclude : 

1. When the signs of the dividend and divisor are like, 
the agn of the quotient will be +. 

2. When the signs of the dividend and divisor are unlike, 
the agn of tJie quotient will be — . Again, for brevity, we 

+ divided by +, and — divided by — , give + ; 
— divided by +, and + divided by — , give — . 

"*■"''_ h- ~ ^^ — O- • 

— ab , -i- ab 
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(3.) 


(4-) 




1 = ~ 4<^. 


5. Divide 15(kcV ^J" — ^^^V- 


^^Jie. — hQ?t/'. 


6. Divide 84a5^a! by 125^ 


Ans. labx. 


7. Divide — 3So'5'^c' by ga^&^c. 


Ans. — iab^o. 


8. Divide - 99a*&'3^ by lla'6^'. 


Ans. — ^ab'x. 


0. Divide lOQx^yH^ Ly 54^^3. 


A?is. 2xy''z^, 


10. Divide 643;'y*s« by — lUx^y^z'-. 


Attn. — ixyz. 


11. Divide - 96a^5V by lia^bc. 


Ans. - Sa'^bV. 


12. Divide — Z^^a^h^d* by 2aW(it. 


Am. - I9abd\ 


13. Divide - C,4:a''b'c^ by 32(X'&c. 


Ans. — 2aPc\ 


14. Divide 128a^y by IQaxy*. 


Ans. Sa'ic'^j/'. 


15. Divide - 256a^5Vrf' by 16a3ftc=. ^ns. -16afiV<i'. 


16. Divide 200a^OT^= by — Bda'mn. 


Ana. — 4am?i. 


17. Divide 300a^y*s= by 60xy=3. 


Ans. hx^yH. 


18. Divide 27a^6=c' by - Qabo. 


Ans. ~Za*he. 


19. Divide 64aysB by 32«yV. 


Ans. ^ah/z. 


20. Divide - BSa'&^cS by \la^¥cK 


Ana. _8a^6=c^. 


21. Divide 7VaV^ by - llaV^*- 


Ans. -1. 


22; Divide 84a*5^c=<? by - 42ffl*J'c=(;. 


Ans. - 2. 


23. Divide - 88a«&V by Sa'^^'V. 


Ans. ~nab. 


24. Divide 16ic^ by ~ Sk. 


Ans. ~ 2x. 


26, Divide - 88a-5'' by lla"5. 


Ans. - 8a"-"& 
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86. Divide 7W5" by - lla=5'. Ans. -7ra"— "S"-' 

37. Diyide Sia'fi" by i2a'&\ Ans. ^a'—i"-". 

28. Divide - B8a>'7f by 8ffl"5". Ans. —lla''~'b'-". 

S9. Dificle 9605' by iScfli''. Am. 2fl'-"5''-'. 

30. Divide USaff by la^'^T- -i'^s. lice'~y''—^. 

31. Divide SSCai'c' by 16a~6V. .4«5. 16a'- V-V"''. 

MONOMIAL I 



48. It follows from t!ie [ireceding rules, tliat tlio exacl 
!iii\'ision of monomials will be impossible : 

1st. When the coefficient of the dividend is not exactly 
dhmble by that of tl>e divisor. 

2d, When the e.-cpouent of the same letter is greater in 
the divisor than m the dividend. 

3d. When the divisor contains one or more letters not 
found m the dividend. 

In either ease, the quotient will be expressed by a fi'aetion. 

A fraction is sind to be in its simplest fcrrn, when the 
numerator and denominator do not contain a common factor. 

For example, ISa'fi'crf, divided by Sa^fc^, gives 

which may be reduced by dividing the numerator and de- 
nominator by the common factors, 4, a\ b, and o, giving 
12a*b^cd _ 3a^d 

IhaW d^ _ ha 
Iha^iM' ~ Wd' 



Also, 



43. rlntler what eircumatancaa will tlie diviaioii of ii 
pofwiblaf How nill th.o quantities thea bo eipressed? 
Dilal fraction rcducd Ijj its simplest form? 
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Hence, for the reduction of a moiiomlal fraction to it 
pleat form, we liave the following 



Suppress mery factor, lokcther numerical or literal^ thai 
i's common to both terms of the fraction _; the result will b( 
the reduc-ed fraction sought. 

EXAM PLES. 

(1.) {£.} 

iSdHi^ciP __ iad^^ Zlah^c'-d _ 375=0 _ 

36a^i)=cWe "~ Zbcc ' iia-'Oc^d^ ~ &d^d ' 

(3.) (4.) 

*?«?& __ 1 iaW _ 2ffl 

^**' ito^i-^ - 2uy ""'^ C^6^ "- 37.^"' 

5. Divide iSaWc^ by Ha'ic'. Ans. - — 

2a 

6. Diviile Qamn by Sale. Ans. -^^^ 

' he 

7. Divide ISaWmn'' by Uu'b'cd. Ans. ~^^- 

2d'o^ea 

ibhn 



8. Divide 28a^b^c''cP by IGab^ccVm. Ans. 

9 Divide 72(tVi^ by 12a^c*b^d. Ans. 

10. Divide lOOwWicnm by 25aWd. A?i^. 

I!. Divide mu^b'c^df hy IBa'^cxy. Ans. ■ 

19. Divide SjiiiVfx')/-' by 15<:(m'?i/. Ajs 

13. Divide !27(?'a!V hy 16(/^ar'y'. A. 



a^c'bd 
•la^bxmn 



3«m2 
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49. lo dividing monomials, it often happens that the 
espojicnts of tlie same letter, in the dividend and divisor, 
arc eqiial; in ivltich case that letter may not appear in the 
quotient. It might, however, be retained by giving to it the 
ospoiicjit 0. 

If we havb expressions of the form 



1^' «^' a- 



, &e... 



and apply the rule for the exponents, we ahaU have. 



But ance any quantity divided l>y itself is equal to 1, it fol- 
lows that, 

- ^ a" = 1, ^ ^ a2-2 ^ a" ^ I, &c. ; 

or, finally. If we designate the exponent hy m, we liave, 

— = ffl"-" = «" =z 1 ; that is. 

The Q jDower of any quantity is e^ial to 1 : therefore, 
Any quantity may be retained in a term, or inlrodueed 
into a term, by giving it the esyyonent 0. 

HXAMTLES. 

1. Divide GaWc* hy 2€c''/>\ 

2. Divide 8a'¥c^ by — ia^b'c. Ans. — 2«''Z.V = — 2,;', 

3. Divide - 82m'H.^o^^ by 4m^n^. 

Ana. — 8m''ji'to/ = — 8xy. 

4B. Whpc the esponcuts of tlie siiine letter ia the dividcntl and divisor 
are equal, what talies plaue? May the letter still be retained? IVItli 
wlmt (jxponentf Wha( is the zero poiver of my quality eijual toP 
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4. Divide ■- 96a''b'-c'' by — 24a'^, Ans. 4a'^b''o" = 40" 

5. Introduce a, as a factor, into 61/^0*. Aiis. 6a''l!)^o'. 

6. Introd\ice ab, as factors, into Qo^d". Ana. 9a''b''(^(l^. 
1. Introduce abc, as factors, iiito 8rf'/™. A. &a''b''(fd*f^. 
SO. When the exponent of any letter is gi'eater in the 

divisor than it is in the dividend, the exponent of that letter 
in tiie quotient may be written with a negative sign. Thus, 

-^ = -^; also, — ^ = «^~° zzi ffl-J, bythomlej 

hence, a~^ — — ■ 

Since, «~' z= — , v." c have, h x «~^ ^= —j 

that is, rt ill the numerator, with a negative exponent, is 
equal to a in the denominator, with an equal positive es- 
ponent ; hence. 

Any quantity having a Tiegative ea^onenl, is equal Co the 
reciprocal of the same quantity with an equal ^^osilive ex- 
ponent. 

Hence, also. 

Any factor may be transferred from the denominator to 
the numerator of a fraction, or the reverse, by changing the 
sign of its e. 



1. Diride S2a^c by Ua^b\ 

Ans. —rr, = 2a-^b-^c = -^ ■ 

50. When the eiponont of any letter in the divisor is greater tKao in 
[he dividend, how mav the eiponeat of that letter be written in the quo- 
tient? What la a quantity with a negative exponent equal tof How 
liin^-a factor be transferred from the numerator to the denominator of n 
fmclion ? 
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2. ^4^ = 6<t-^S-'c. A?IS. -- 

3. Ueouce ■ , ■ - ; , ■ Ans. — — , or 

4. In 5<ij/~'k-^, get rid of the negative exponents. 



6. 






-,> gt^t 


rid 


of the negative exponents. 


7. 


Itodiico 


— Sa- 


n>^a 


^;; 


-ia-'b^^cf -45'« 


l-ia'b- 


-=c 


1 '°'" la." 


8. 


Reduce 


12aW 


-^ 6a«5'. 


Ans. 9a~'J-^, or — ■ 


9, 


. I5a- 
In —-—_ 


■*h^e-^ 


, getr 


id of the negative exponents. 


10. 


Reduce 


— 15o, 


-'-b-''c 




35' 
Ans. 3ab''c\ 



To divide a polynomial by a monomial. 
51. To divide a polynomial by a monomial : 
Divide each term of the dividend, separatdi/, by the 

divisor ; the alf/cbraie sum of the quotients icill be the qvo~ 

lieni sought. 

1. Divide 3a«js - <i hj a. Ans. 3a6= — J. 

.^1. Sow do you diTidi? a poljnnniral bj a monomialf 
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2. Divide 5d'b^ - 25a'P hy 5«V. Ans. 1 - ba. 

3. Divide 35aW — 25o6 by — Hub. Ans. - lab + 5 

4. Dinde lOaft — 15ac by 5a. ^Ijia. 2& - Sc. 
li. Diviile 6aA — Sax + 4«^y by -la. 

Ans. 86 — 4!c + 2ay. 
0. Divide ~ 15ra' + 6ic' by — 3a;. Ans. box — 2^^ 
7. Divide — 213;)/* + Z^aWy ~ 1<P-y by — 7i/, 

^ras. Silks' — ha^H" + d^. 
B, Divido 40a"i' 4- 8«'6' — ?,1a'¥c* by 8a'5'. 

-4«s. 5«' + i^ — 4c* 



. Divido — 2« + Ott' 
Divi fiend. 



Quotient. 



Meniainder. 

"We first arrange, the dividend and divisor witii reference 
to « (Art. 44), placing the<3ivisoronttieleftofthedividend. 
Divide the fii-st term of the dividend by the iirst term of 
the diviaoi- ; the result will be the first term of the quotient, 
which, for convenience, ive place under the divisor. The 
product of tlie divisor by this term (6«^ + 6«), being Rnb- 
tracted from tlie dividend, leaves a nevi' dividend, which may 
De treated in the same way as the onginal one, and so on to 
the end of the operation. 

Ha. What ia tlie rule for dividing nne poiynomial by antithprf WHiun 
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Since all similar cases may !>e ts'eated In tlie san 
have, for the division of polynomials, tlie folloMin 



1, Arrange the dividend and divisor viith reference to i/m 
same letter : 

IL Divide the first t&nn of the dividend by thef/rst term 
of the divisor, for the first term of the quotient. Multiply 
the divisor hy this term of the quotient, and subtract the 
2>rodiwt frorn the dividend: 

ni. Dieide the first term of the remainder by the first 
term of the divisor, for the second term of the quotient. 
Multiply tlie divisor by this term, and subtract the produnt 
from tihe first remainder, and so on: 

XV. Continue the operation, until a remainder is found 
equal io 0, or one whose first term is not divisible by that 
of the divisor. 

NoTB,-— 1. When a remainder is found equal to 0, the 
division is exact. 

2. Wlien a remainder is found whose first terra is not 
divisible by the first tei'm of the divisor, the exact division 
is impoPBiblc. In that case, write the last remainder after 
the quotient found, placing the divisor under it, In the form 
of a fraction, 

STLCOSD EXAjrri.K. 

Let it be required to divide 

rila^^^lOa'-iSa^b -15b^+ iab^ by 4a5 - 5«= + 37-1 

We first arrange the dividend and divisor with reference 
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Dividend, Diviior. 

4- 10a'— 8a^5— ea''b^ \ „ 2a2+ 8a& ~ 56* 

— iOa^b + 510^1/'+ 4ab^~l5b'\ QiiotiaU. 

— iGa?b + S^aW+^iaV' 

25a^^~20ab^—15b* 
25a^6=i— 20a&5— 156' 



+ »?y + xy"^ 



Here Uie division ia not exact, and tlie qiiotiuDt is frac- 
tional. 



- a I 1 + 2a + 2(t' + 2a^ + , ^o. 

+ 2ffl — 2»^ 



In this example tlie operation does not tomiinate. It may 
be continued to any extent. 



1. Divide a= -Vinx -^r s? by a + «. Ana. ■ 

7.. Pi-ride a^ — 3a^y -1- 3«y^ — if !iy a ~ y. 
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3. Div-ide 2Aa^h — J 2«^c5^ — 6a5 by — fi«5. 

Ans. — 4o + e«=c5 -)- 1, 

4. Divide Ow^ — 96 liy 3n; — fi. 

Ans. l-y? 4- 4*2 + Sa: -(■ 16. 

5. Dirido a*^ — Sa'ir + lOa^a;^ — 10<a^^ + 5a:^-' - a.-^ 
by «' — Soar -(- !c^. ^Iwa. «^ — S«^ + Scra:^ — ^. 

6. Divide 48a;' — T6aa;^ — 64«'ai + lOSa' by Sai — 3a, 

Ana. 24a;' ~ 2aa; — .?5«'. 

7 Dii'ide ^* — 3?/'a^= + -fy's^ — ic* by •tf' — 3y^a; + 

Sjm* — ie\ ^«s. j/' + 3i/'a! + Sj/ic^ + »=. 

8. Divide e't'f'J" - IhaHf by 8a~63 4- 5aJ'. 

Ans. 8a^b^ — 5ah\ 

9. Divide 6oi3+23a'J+ e2«6=+55-' by Za^+ iab-^b\ 

Ans. 2a + fii. 
10. Divide 6(7*5 ^ e^a^j/" + 42«^= by aa; + box. 

Ans. x^ + XT/° + lax. _ 

U. Divide — 15a' + ^la^M ~ 29a=(/- 2ab''cP + 44/W/ 

~ 8cy^ by 3«= - 6W + <:/. -iwa. - 5((= + 4bd - Be/. 

12. Divide a' + a;';/^ + y^ by !e= — iry + ?/. 

13. Divide x* — y' by a- — J/- 

Ans. o^ + B^!/ + x'f- + tf. 

14. Divido 3^'- 8«^5N- 3/7V+ 5J'- 3fiV« by o=— i^ 

>4wff. 3-7^ — 56= + 3c=. 

15. Divide ?,3^ — 5i^\f — (!aT'/+ 6a;'j/'+ ISsfi^i/^— 9sy 
-}- 10a;V + Xhy" by So;^ + Ix^y'^ + 3j/'. 

.4ns. aar' — 3ic^^ + By''. 

16. Divide — <?-V \^<flx^-~ '•"be — in'h^. — Q'i^?>^+ Sam 
by Sax — Gab — c. A>'.'<. 'I'lx + t'.'i f c. 

IT. Divide 33-' f 4a-^?/ — 4ar' — 4^''^' + Ifia-y — U. Iij 
2k?/ -)■ a:' - .■! A-i's. 3u-= - 2:r,v ■+ r, 
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18. DivlJo a;*^ + ac.y' by x + 1y. 

Ans. !B' - ^x''y + ix'-)/^ ~ Ssj/^ + \e»j\ 

!9. Divkle 3.(^ — !2Ga^5 — Mab^ + ZluW by 'lli^ ~ hah 

■\- 8rt=. -iftS. «^ — 7«6. 

20. Divide «' - 6' by a^ + a'b + ah'' + I?. 

Ans. a -h 

21. Divide a? — 3a;^y + y^ by a \- y. 

Ans. a?- — ^ay 4- 4;!/^ £ — • 

22. Divide "I + 2(i by 1 — « — «^ 
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DSHPDl. FORinJLAt 



USEFUL FOEJIUIAS. 

as. A FoEjrtTLA is an algebraic expression of a general 
rule, or principlo. 

Formnlas serve to shorten algebraic operations, and are 
also of miicli use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following formulas affords addi- 
tional escrcises in Multiplication and Division. 

(I.) 
51. To forni the square of a H- b, we have, 
{a + by =: {a + b){a + b) = a' + 2ab + b'. 
That is, 

The square of the sum of any two quantities is equal to 
the square of the first, plus twice the product of the.frst by 
the second, plus the square of the second. 

1. Find the square of 2a + S5. We have from the rule, 
{2a + Sby = ia^ + I2ab + 9R 

63. What is a formula? What are the uaea of formulas ? 
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5*. Find the square of 5ah + 2ac. 

Ans. 25a^b^ + 3Qa^bc + 9a\^. 

3. Fiud the square of oci' + Bii^b. 

A7ts. 25a^ + 80a'6 4 64aVA 

4. Find tlie square of &ax + Oa^^. 

Ans. S&ahfl + 108a^^ + 81aV 

(S.) 

55. To foiiii the square of a difference, a — b, we have, 
(a - by = {a-b){a-h) = a'- 2ab + b\ 

That is, 

The square of the difference of any two quantities is 
equal to the square of tlie first, minus twice the product of 
tlie first by the second^ plus the square of the second. 
\. Find tlie square of 2a — h. We liave, 
(2a — hf = 4o= — iab + Jj^. 
1. Find the sqxiare of 4ae — be. 

Ans. IGa'c^ — Saba" + Wc?. 
8, Find the square of Y«^5^ — \2ab^. 

Ans. 49a''5' - lG8aW + 144a=i>". 

(3.) 
ca. Mulliply « + 5 by a - 5. Wo have, 

(a -V h) -K {a — b) = a?- — W-. Ilcnoe, 
The sum of two qtiantities, multiplied by their dlfferencSi 
is equal to the difference of their squares. 

1. Multiply 2« 4- & l>y 2c — b. Ans. 4c= — b^ 

a. Multiply era + 35c Ly Owe — 3Se. 

Am. 81ffl'c= ~ 9&V 

56. What is the eqiiave of tlie difference of two qiiniitities eqniil tof 
66. What is the Bum of two quimtiljca multiplied bj tlieir diflfei'oiwo 
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3. Multiply 8a' + VaS= by Sa^ ~ 'lab'K 



Multiply a? + ab + F liy ^ 



58. Multiply a^ - ah + b^ \,y a + h. "VVb have, 

(ffl= - (ifi + 6') {a + !>} = a^ + J^. 

59. Multiply together, a + b, a — b, and «= + 6*. 
We have, 

(« + S) (a - J) («= + i^) - «' - 5\ 

60. Since eveiy product is divisible by any of its fiictors, 
each formula eatablis^hes the principle set oppodte its number. 

1, The sum of the sqiiarea of any two quantities, plus 
twice t/ieir product, is divisible hy their sum. 

2. The sum of the squares of any two quantities, minus 
twice their product, is divisible by the difference of the. 
quantities. 

S. Th^ difference of tJie squares of any two quantities 
is divisible by the sum. of tJte quantities, and also by their 
diference. 

4. Tlie difference of the cubes of any two quantities is 
divisible by t/te difference of the quantities/ also, by the 
sum of their squares, plus their product. 

5. The smn of the cubes of any tivo quantities is divisi 

60. By what is any product divisible ? By applyiag tMa priceiple, wlml 
followEfrom Forinuln(l)? V/hatfrom (2)f What fi'om (3)f WTiatfrom 
(4-)v Wh,itfrom(S)? Wfiat from (6)f 
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bte by the sum of the qtiantUies ; also, hy the sum of tneh 
scares minus their product, 

e. The difference between the fourth powers of any two 
gucmtities is divisible by t/te sum of the quantities, by their 
difference, by the sum of tlieir squares, and by the dif- 
ference of their squares. 



FACTORING. 

61. Factonng istlie operation of rusolviug a quantity 

into feetors. The principles employed aie tlie converse of 

those of Multiplicatiou. The operations of faotoriug are 

perforniud by inspection. 

1. What ave the iaetoi« of tJie poijaioiiiial 

ao + ab + ad. 
We Bee, by itispection, that « is a eoniiiion factor of ail 
the terms; hence, it maybe plaeeJ ivithoul a jiareiithi'sis, 
aiid the oinei' parts within ; thus ; 

oAi -^- ab -\- ad = a{e -{- b •\- d). 
1. Find tile Ikctors of the pol ji. ouiia! a%'^ + <i?d — a'f. 
Aii^. a'^(P + d ~ f). 

3. Fijid tnc factors of the polynomial Za'^b — &d'b^ + b'^d. 

A^'S. b(aa^ - Qd^b + Id). 

4. Find the factors of Za^b ~ 9«'''c — 18«-fl-j/. 

Ans. Sa^b - 3c — exy). 

5. Find the factore of Sa^ac — ISaca^ + 2ac"y — 30a'^'-'', 

Ans. 1ac{^ax — ^-s? + cV — Iba'-e^). 
0. Factor aOa'fi^c - %a^¥d^ A- 18a'&V. 

Am. ^a^b^{hac — d^ + 3c^). 
7. Factor l2o^b(l-^ — 15u^d* — OAP/. 

Ans. Sc'd^ie^b — bed - %f). 
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80 E L E ST E N T A H Y A L G K B S i , 

8. Factor UKt^b'jf ~ lOabt^ - 25abccl 

Ans. 5uhc{3ay- 2j^ - Sd). 

63. When two terms of a trinomial are squares, ami 
positive, and tiie third term is equal to tmce the product of 
tlioir square roots, the trinomial may he resolved into factors 
by J'omnila {l ]. 

1. Factor a^ + 2ab -f b^ Ans. {« + b) {a + b). 

2. Factor ia^ + 12ab + !)('/, 

An^. (2m + Sbj (2a + 3b). 

3. Factor 9a^ + llali + ib\ 

Ans. {3a + 25) (3a + 26), 

4. Factor 4a;' + Sa; + 4. A7is. {2x + 2) (2x + 2), 

5. Factor 9aW + 12(i5c + 4c'. 

Ans. (Sab + 2c) (Bab + 2c), 

6. Factor Idafly^ + l%xr/^ + iy^. 

Ans. (ixij + 2j^^) (4ay -|- 2;/^). 

63. ^Vhen tivo terms of a ti-iuomial are squares, and 
positive, and the third tenn is equal to minus twice tbeir 
equai'e roots, the trinomial may he factored by Poniiula 
(2). 

1. Factor a' - 2ah + 6=. A.ns. (a - b) (re - b), 

2. Factor ia^ — Aab + }fi. Ans. (2a — V) (2a — b). 
S. Factor Oa' — &a.c + c\ Ans. (are — c) (Sa — c). 

4. Factor a"-a;= — 4ax + 4. Ans. (ax ~ 2) («b — 2) 

5. Factor 4^ — 4ay + p\ Ans. {2x — i/) (2a; - y) 

nri,hod ? 
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6, Factor 3Ua;^ — 24a)/ + ^if-. 

Am. (63: - 2;/) (6a; - 1y). 

64. When the twa terms of a binomial are squares and 
iiave contraiy signs, tlie binomial may l>e factored by 
t'ormula (a ). 

} . Factor ^<? - b\ Ans. (2c + b) (2e - l>) 

a. Factor Sla'c'' — We^. 

Ans. (9ac + 35c) (9ao - 3fc), 

3. Factor Qia'i' — 25a-y. 

Ans. (Sct'b^ + 5x1/) {5a-b' - 5xy). 

4. Factor 25m^<;' ~ Oar^;/. 

Ans. {5ae + 3j;'-y) {bae - 3a-V)- 

6. Factor SOa'i'c^ — Cic^ 

Alls. (0a=6V + 3a;2) (Sa'^S^c - 3a;-'). 

5. Factor 49a^ - 36?/'. ^n.?. (7s:= + G/) ("k'^— 0*/^). 

65. AVbcn tlie t^-o terms of a binomial are cubes, and 
have contrary signs, llie binomial may be factored by 
Formula { 4. ). 

1. Factor 8a' - o\ Ans. {2a — c) (in^ + 2«(; |- c"). 

2. Factor 27c(= — 64. 

Jus. (3« ~ 4) (9d' -f 12a + 16). 

3. Factor «■' — 64^-'. 

Ans. (a ~ 4i) {a' + 4«i + 166'). 

4. Factor «= - 2J&=. A?is. {a - 3i) (a^ + 3a5 + 9o'). 
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82 ELEMENTARY A L G R li R A , 

00. Wlien the tenna of a binomial are cubes and have 
like signs, Uie biiioiiiial may be tiiutorttd by Foi'iiiuLa ( 5 )- 

1. Fi-otor Ba^ + <!\ Ans. (2a + c) {4a' - 2ac + c'). 

2. Fiiutor 21u^ 4-61. 

A»s. [Sa + 4) (9«^ - ]2a f !!>;. 
Q, FMt.o( a^ + j4i<'. 

Ans. {a + 4i) (a= - 4a?; + JGA'O. 

4. F;wtor "^ f 27/;\ ^«.?. (« ^■ 3b) («= - 3«A + 9h'}. 

67. Wlien Uic terms of a binoniial are 4th powers, ain! 
bave ROTHrary signs, the binomial may hn fa.i;lored by 
Fonnula (6|. 

1 Whal are tlic iaclors of «' - (/ ? 

A>,s. (a + i) (« - b) [a' + J^), 

2 VVh:it are the ihctors of 81a' - ie<!'- ? 

A?i.s. (3« + 25) (3;, - 25) (!)«= f 46'). 

3 VVhiil nre llie fartors of IGa'b' - Slc'd' ? 

Ai,s. [2ub + 3«0 (2';i - 3t(0 {iuW + 9c-'(^'), 



(iREATKST COMMON DIVISOH. 

68. A CojLMON PnvisoR ol two qnautities, is a qiianlity 
that will divide thein both wifrliout a renniiiider. Tims', 
'A(^b, ia a common divisor of ^a^W^c and ZaV)^ — 6«^fr'. 



ne Wlien may a hinomiiil be factored by tlilp mi'tlio,)? 
(.1. Wlicn niiiy a bi»oiiiuiI he factored by this methoti? 
fiff. W"h..r i..; tlji' i^niiunoij tlivisop of two qnaQtiliedV 
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0KKATE8T (.OMMON fllVISOK. Si) 

6». A SiiirLE or Peihe Factok is one that caiinoS bu 
resolved into any other factors. 

Every prime fiiotor, commou to two quantities, is a coiii- 
nion divisor oi' those qusintities. The eontinued product of 
any number of prime factors, common to two quantities, is 
also a common divisor of those quantities. 

70. The Gkjsatest Common Divisou of two quantitius, 
is tlie continued product of all the prime factors wliich are 
common to both, 

71. When both quantities can be resolved uito [ii-uue 
factors, by the metliod of factoiing already given, the greal- 

17 divisor may be found by the following 



I. Bisolve both qwtntities into tfieir pHme /actors : 
II. I^ind the continued product of ali the fcictora which 
are common to both ; it will be the greatest coimnoii divi- 
sor required. 



I. Required the greatest comi 
2dabd. Factoruig, we have, 



lod'b'^c = 3 X 5 X tiaabbc 
'iaabd = 5 X 5ahd. 



The fatitors, 6, 5, a and b, a 
6 X 5 X « 
IS the divisor sought. 

69. What is a. ^mple or prime taci 
two QHiinliliea, a common divisorl' 

70. What is the greatest oomiiion 

71. If both qiiaiitilitis can be resij 
Eud the groalesl uomnioii clivbor? 
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VEIlIFiCATtON. 

'ida'^b^c -i- 25ab 53 Sabe 
25abd ~ 25(55 =::; d; 
aiitl since tlie quotients ha^e no ooimnoR factor, they cannol 
be ilutlier divided, 

2. Ilcquired the greatest common divisor of a" ~ 2ab -+ 
IP and «' — l>\ Ans. a ~ h 

3. Required the gi'eatest common divisor of a^ + lab 4 
ft^ and » 4- b. Ana. a + b 

4. Required tlio greatest common divisor of a'x' — iax 
i- 4 and ax — 2. Ans. ax ■— 3. 

e. Hod the greatest common divisor of Sa^b — 9«'o 
-- IStc'xi/ and 5% — Sbe' —■ Sbcxy. Ana. b — 3c — 63:!/. 

6. Find the greatest common divisor of '^a^a — 4,acx and 
Sffl^j7 -- SaffX, Ans. a{a — x), or a^ — ax. 

7. Find the greatest common divisor of 4o^ — l^cx + 9o!^ 
Bnd Ic^ — te^. Ans. 2e - ^x. 

8. Find the greatest common divisor of x^ ~ y^ and 
^ ~ y^' An&. X ~ y. 

9. Find the gi-eatest common divisor of 4c^ + ibo -y &' 
and 4e^ — 5*. Am. 20 + b. 

10. Find the greatest common divisor of 2iia^c- — 9x'y^ 
and t^aod^ + Sc^^'y'. Aiis. tac -[- 3a;^y^. 

UoTii. — To find the gi'eatest common divisor of three 
quantities. First find the greatest common divisor of two 
of tliem, and then the gi-eatest coinmon divisor hetween this 
.result and the third. 

1. "Whnt is tlie greatest common divisor of 4aa;^2/, IGafta^, 
and24«ea^? Ans. iax\ 

2. Of Sfl^— 6a;, 231=— 4a;*'', and »■*//— 2»!/? Ans. a.~2x, 
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M O L TI P L E 



LEAST COMMON MULTIPLE. 

fa. One quantity is a multiplb of another, when it can 
be divided by that other without a remainder. Thus, 8a^6, 
is a multiple of 8, also of a^, and of 6. * 

'S&. A quantity is a Common Mvitiple of two or moro 
quantities, whea it can be divided by eaoh, separately, with- 
out a remainder. Thus, Sits^a:', is a common multiple of 
Oiinj and ia^x. 

74. The Least Cojuion Multiple of two or more quan- 
tities, is the drnplest quantity that can be divided by each, 
ivitliout a remainder. Thus, 12a'i^', is the kist common 
multiple of la^x, ia¥, and 6a^fi^ 

75. Since the common muUiile is a dl■^^dend of each of 
the quantities, and since the division uf ex^ct tlie common 
multiple must contain every pri lie ftctoi m all the qumti 
tics; and if the same factoi' enteis i loie tbin once, it must 
enter an equal number of times into the coramtn multiple 

When the given qnantitios can be tittcre 1 by iny of the 
methods already given, the least common multiple may be 
found by the following 



I. He-tolm each of the quanlities into its p>'im& faotors : 
n. Take each factor as many ivmes aa it enters any one 
of the quantities, and form the continued product of these 
factors ; it will ie the hast common midtiple. 

'!8. When is a, quanUty a common multiple of Beveral othere? 
■14. What \a the lenat ooimnon mulUple of tiro or mora quantities? 
76. What doea the common multiple of two or more qiuintitiea coutaini 
■IS faolors? How may the least common multiiite be fonnd ? 
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1. Fuid tile leastcoimuon luiiltipleof 12a'*5'c^ and SaW. 

12«^&V — 1.2.S.aaabhcc. 

8u^6^ =3 2.2.2.aahbb. 

Now, since 2 enters 3 times a^ a factor, it must enter 3 

tiiaee ia the common multiple : S must enter onoe ; a, 3 

times ; b, 3 times ; and c, twice ; hence, 

2.2.2.Zaaabbbcc = 2^d^b^c\ 
is tlie least eonmion mnltiple. 

Find the least coimnon multiples of the foUowiiig : 

2. 6«, ba^b, and 25abc'. Ans. ISOa^Sc" 

3. Zu^b, 2ubc, and 27a^a:=. Ans. 21u'^bcx^. 

4. ^d^^y'^, Sa^xy, 16ffl'y', and 2ia^y'x. Ans. iSa^x^y^. 

5. (ix — bx, ay — by, and x^y'^, 

Ans. (a - b)x.x.yy = axHf - bx'y\ 

6. a + 5, «= — fi=, and a' + 2ab + b^. 

Ans. {a + bY {« - b). 
1. ?iaV/\ 00^^, 1S«V. 3«V- -*"*<■ IStf'ftWi/'. 

8. %<i\a b\ 15«'(a - by, and I2«3(,.,,! _ J?). 

Ans. 120«^(a - 5)' (« -h i). 
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CIIAI'TEK rV. 

FB. ACTIONR. 

?6 If the unit 1 be divided into any number of equal 

parts, each pait Is called a fractional vsir. Thus, - , v, 

11 

£ , T , are fractional units. 

7 

77. A FiiACTiON is a fractional unit, or a collection of 

fractional units. Thus, - , - , z ■< 1 1 are fractions, 
' 2' 4' T' 6' 

?8. Every fi-action is composed of two py,rts, the De- 
nominator and Numerator. The Denomitialor shows into 
how many equal parts the unit 1 ia divided ; and the Nu- 
merator how many of these parts are taken. Thus, in the 
fraction 7 , the denominator b, shows that 1 is divided hito 
b equal parts, and the nnmeralor a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 

76. If 1 be divided ioto any number of equal parts, ivliat is each piit 
called? 
11. Wliat ia a fractiOD ? 

78. Of bow many pai'ta ia any frii«tiun composed ? What fi,re they 
CbIIpcI? What does the deuozuiiiiitor ahow? What tbe numerator; 
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SS BLEMENTAIiY ALOEBKA. 

7f). An Entiee QuAirrrrr ia one which contains no 
fractional part. Thus, 7, 11, a^x, 4ic^ — 3y, are entire 
qnantitiea. 

An entire quantity may be regai'ded as a fraction wliose 
dc-nominator is 1. Thus, 1 = ~, «5 = —■ 

80 A JHixTSD Quantity is a quantity containing both 
fiitiro and fractional parts. Thug, 7^^, B^, a + --, are 
mixed quantities. 

SI. T'Ct jT denote any fraction, and q any quantity 
whatevei'. From the preceding definitions, t denotes that 

- ia taken a times ; also, -^ denotes tliat v is takiin 
5 

aq times ; that is, 

aq a ,_ 

y = F X »■ ''~°°' 

MuUiplying the numerator of a fraction hy any qiiaii- 
tity, is equivalent to multiplying the fraction by that 
quantity. 

"We see, also, that any quantity may he midtijjlied by a 
fraction, by multiplying it by the numerator, a/nd then 
dividing the residt by the denominator. 

89. It is a principle of Division, that the same result will 
he obtained if we divide the quantity a hy the product 
of two factors, p y. q, &% would be obtained by dividing it 

19. What is BE entire qiranUtj f When maj it Iio rogr.i'dtd as ii frnp 

80. What is a mixed quantity? 

81. ilOK maja fraction tie multiplied by any quantity? 
Sa How may a fraotion be riivicted by any quantity t 
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TRAHBFOBM ATIOH OF FEACTI0S8. 8i) 

Cret by one of tlio factors, p, and then dividing that result 
by tlic other factor, q. That is, 



Multiplying the denominator of a fraefion hy any guan 
lily, is equivalent to dividing thefractio7t by that quantity 

8S. Since the operations of Multiplication and Division 
nre the converse of each other, it H)IIo\vs, from the preced 
iiig piinciples, that, 

Dividing the mtnierator of a fraction by any quantity., 
is equivai&it to dividing the fraction by that quantity ; 
and, 

Dividing the detiominator of a fraction by any quantity, 
is equivalent to inultiplying the fraction by that qiiantity. 

84. Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that, 

Jloth terms of a fraction may be multiplied by any quan- 
tity, or both divided by any quantity, without changing the 
value of the fraction. 



TRANSrOEMATION OF FRACTIONS. 

85. The transformation of a quantity, is the operation 
of changing its form, withont altering its value. The tenii 
reduce has a technical signification, and means, to JVans- 

83, What follows from the preceiiiDg principles ? 
B-t. What aperatioua may be performed wLlbout nlLeriog the value of 
a fraction? 

85. What is -he tra n^firoiition of a qumitityP 
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yO ELEMENT A 11 Y A.LGEBEA. 

FIEST TJIANSFOItMATION. 

To reduce an entire quantity/ to a fraotional form having n 
given denominator. 

86. Let a be the quantity, and b the given deiioml 
nator. We liave, tsvidcntly, « = -y- ; hciicc, the 



Multiply the quantity by tlie given denomirtator, and 
write the product over this given denominator. 



To reduce a fraction to its lowest terms. 

87. A fi-action is in its lowest terms, when the numej'ator 
and denominator contain no coramon factors. 

It has he&a shown, that both teims of a fraction may be 
divided by the same quantity, without altering its value. 
Hence, if they have any common factoi-s, we may strike 
them out. 



Resolve each term of ilie fraction into Us prime fac- 
tors ; then strike out all that are common to both. 

The same result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by theii- greatest common 
divisor. 

S6. How do yon reduce an entire qudntitj' to a fraetioua! form hariiig 
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TltANSEOKJlATlON OF FRACTIONS 



1. Reduce ; 


ISaV , ., , 

— — -, to its lowest 


terms. 


l''acloring, 


]5(*V S.5aacc_ 
25acd ~ b.buvd ' 


Canceling tlie i 


jonmion factors, 5, < 


■I, aad c, we have, 




15aV 3<ic 
25ac<l ^ bd 


■ A/is. 


2. lieduao 






S. iieauce 




5c 


4. Reduce 


ab — ax> 
b- C 


^- f = « 


B. Rt'duce 


%■>■ ~'ln + \ 


^'^^- . + 1 


0. iloduce 


x^ — 2ux + a^ 


Ans. ■ 


1. Reduce 


- l2u-'b'-o' 


...-?I-"s 


8. Reduce 


24ft^ - smh' 


^ 46 - 6a 
^''*- 8a'- llffl^f^" 


9. Reduce 


cfi- b^ 
a^ — 2ab + 5= 


1 j + 


10, Reduce 


5^3 _ io«2J + Sab'' , &(a — b) 
8a' — ea^b 8a 


11, Reduce 


3a' + Ga^Ji^ 
12a* + 6«V 


-■ ii^. 


13. Reduce 


ft' + 2ax + ai' 
3(T= - ^«)" 
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93 BLEMBNTAP. Y ALGEKKA. 

TIIIED TEANSFOEUATION. 

To reduce a fraction to a mixed quantity. 

8S. "VVTiCTi any teiin of the numerator is divisible by any 
teiTii of the denominator, the transformation can be fcffyctea 
by Division. 

EULB. 

Perform t?ie indicated division, continuing the operation 
as far as possible / then write the remainder over the deno- 
viinator, and annex the result to the <? 



1. Reduce ■ — — ■ Ans. a 

2. Reduce ^ — • An^. 

Ans. a 



4. Reduce • Ans. a + x. 

a — X 

5. Reduce ^^^fp • ^"^^ x^ + xy + if. 

?. 
Ans. 2x — \ -1- — - ' 





5x 




36a;3- 


. I^x + 32a 


'«= 




Qx 




18ae/ 


- &bdcf - ■ 


1ml 




■Aadf 




K' + <X 


: — 4 
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TRANSfOilMATIOK 


OF FttAOTlONB. 


10. Reduce ^-^^- 


Ans. a — b + 


U.-RcM,. " + '"-''. 


Ans. X + 1 + ■ 



SOUr-TH TSANSFOKMATION. 

To reduce a tnixed Quantity to a fractional form. 

89. This transfoi-mation is the converse of the preced- 
ing, and may be effected by tile follomng 



Multiply the entire part by the denominator of the frac- 
tion, and add to the product the numerator / write tJie resuU 
over t/te denominator of the fraction. 



1. Reduce 6^ to the foi-m of a fraction. 
6 X V = 42: 42 + 1 = 43; hence, 6i =. ^■ 
Reduce the following to fractional forms: 

2. , _ '±-Z^ = :!lr (°'-°") . An,. ?^^ 

XX X 

3. IB —'■ ■ ■ Ans. ■ -— 

, ^ , 2iB - 7 . 11x - ', 

6. 1, '"-'^-^ Ans.^-^^^^±^ 

a a 
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ELEMENTARY ALGEBSA 

3(! + 4 16ffl + 8A - Sc - 4 



6«^K - ab 

ill 


18«^ + 5«5 


8 4- 6«^62a.i 




nabx' 






mabsifl + 30a''S=a;< — 8 



FIFTH TEAXSFOUIIATION. 

To reduce fractions having different denominators, to equi- 
valent fractions having the least common denominator. 

90. Tliis trarsformation is effected by finding tlie least 
common multiple of the denominators. 

1. Reduce -, -, and — , to tlieir least common denomi- 
S' 4' 12' 

natorg. 

The least common multiple of the denominators is 12, 
which is also the least common denominator of the required 
fractions. If each fraction be multiplied by 12, and the residt 
dividedby 12, the values ofthe fractions will not bee 

- X 12 = 4, 1st new numerator ; 
■ X 12 — 9, 2d new numerator ; 

— X 12 = 5, 3rd new numerator ; hence, 



12 
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FOKilATION OF FKACTIONS. 



I. Fln^ the least common midtiple of the denotni7iaiors : 
IT, Multiply each fraction by it, and cancel tlis denom- 

iiiatoT : 
m. WHte each product over the common multiple, anil 

tlio reShJta will be the required fractions. 

GtlNiritAL Buie. 

MvltipAy each numerator by all the denomitiators ^eeept 
its own, for the new numerators, and all the denominators 
together for a com,mon denominator. 

EXAMPLES. 

1, Reduce — ,- anil , to their least common 

a? — V « + 5 

denominator. 

The least common multipleof the deiiominatore is (« + b) 
(•■-»): 

j^^ X (» + S) (« - S) = a 

— ~j X (o + 5) (o - S) = c(a - J; honw, 

and -. — . . — 3-TT, are the required 



{a + h){a^b) {a + b) 

fmctions. 

Reduce the foUoTv-iiig to their least common denoiimiators: 
„ 3* 4 , 123!' . 45a! 40 4,%^ 



12a 9&^ lOc^ 

^^' ^2" ' 12 ' 12 

Qcx Aab Gacd 
— , — ,_ :iiiu f[. «.'. — , — , -^ 



8, a, — , and — 
' 4 ' 6 

4. — , — , :md d. 
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4LQEB KA, 

9a 8ax 12«^ + 24iB 



4t3 tf _L___ L. ^-^. i finri ■ ■ 

^^■"■'- (1 - xf ' (I - xy ' """^ (1 - xy 

' fi«' <! ' a + ft 

©ff* + bc^ Ba?-e ~ ba^b + hahc — 5a5= Srac' 

5«^ + 6o6c ' 5a^G + S«6c ' 5et'^c + babe 



An.. Sl'-i*, i^--?-', and "^^^-^ 



ADDITIOH OF FRACTIONS. 

©1. Fraj^tious can only be tdded when tliey have a com- 
mon unit, thnt IS, when they have a common deaominator. 
In thifc La=ie, t!ie sum ot the n miLiitoia ivill mdicate how 
miny times %hrA nut is tikm ni tho entire collection. 
Hence, Oie 

KTILE 

I Jlt.ihci,s the Jnicf ions to Ik adiLdjlo a common, denont' 
H. Add the immerators toge.tlier for a new numerator. 



and lorite the sum 


ower the common denominator. 




EXAMPLES. 


'■ A'lJ ;. 5. 


and -, together. 



. WTiat l« ihe rule for n.lding fractioiiK? 
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ADDITION OF FRACTIONS. ^7 

Ey reducing to a common denominator, we have, 
(S X 3 X 5 =: 90, lat numerator. 
4 X 2 X 5 " 40, 2d numerator. 
2 X 3 X 2 — 12, 3d numerator, 
2 X 3 X 5 1^ 30, the denominator. 
Hence, the expression for the sum of the fractions becomes 



30 ^30 30 30 ' 

which, being reduced to the amplest form, gives 4|i. 

3. Find the sum of f , -„ and |- 

Here, a X d y< f = adf \ 

c X b X f = chf j- the new numerators. 

e X b X d = ebd ) 
bnd b X d X f = hdf the common denominator. 



''"'''^' hdf ^ hdf ^ bdf~ 




«/ •■■="• 


AddthefoUowing: 






Z^ , , 2«a; 

3. a J- , and 5 + — 

c 


^M 


.o+S + '^j-""'. 


♦• !• %' "•' J- 




^«,. a, + i. 


^ « - 2 , fa 
5. ^ and , ■ 




19!C — 14 
Ans. — ■ 


e.. + £ZLl„J s, + ?2p- 


5 . , , lOa; - 17 


6ra J! + o 
?. Ax, — , and — ■ — 


^» 


. , . 1 5^ + «^ + "' 


^ 2ax 


»-|.¥.-^ 




A^...^'-^^. 


..4«,^, a,,d2+^ 




44x 
Ans. 2 + 4x + -—■ ■ 
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ELEMENTARY ALGEBRA. 




SUBTRACTION Onr FEACTI0H3. 

99. Fractions can only be subtracted when they have 
ihe same unit; that is, a common denominator. In that 
case, the nxiraerator of the minuend, minus that of the sub- 
trahend, will indicate the number of times that the ooaunon 
unit is to be talien in the difference. Hence, the 



I. Seduce the two fractions to a common derwmi- 
inator : 

H, Then subtract the numerOftor of the subtrahend from 
that of the minuend for a new numerator^ and write the 
remainder over the common denominator. 

EXAMPLES. 

1. What is the dilTercnco between - and -■ 

? "^ 8 ~ 56 56 ~ 56 ~ 28' "^' 
92. What is tbe rule for Eiibtraeting fraotiODO 
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aiULTirLICATION OF FBAOTIONB. 



2. Find the diiFerence of the fractions —-r— and — ■ — - 
lb Ac 

^ ( (a; ~ «) X 3c = Zcx — 3«o 1 ^, 

Here, i, ' ,, , , „, Hlio nuraeratorf, 

and, 25 X Sc = Qbe tlie conuHon denorainator, 

3ca;— 3ac iah—^tm Zcx—5ao—Auh'\-^hx 



r^ Otic — ottu ^Htz—^OV^ -jllU — er.i[> — -itrc— i-ijitl*. . 

Honoe, — -, Trr— = -— j-, ' ^^'^^■ 

66c 66c M-i'- 

3. Reciuired the diiFGrenoe of 



66c Qla 



5. Required the difference of ^ and—- Ans. ^-^ 

^ a; + '/ , 0! — w , 43^j/ 

6. From ■ — i— ^ suhti-act — -—■ ■ Ans, -^ — ^^ 

w — y ic + j/ ^2 — */^ 

y + g - 1 



7. From subtract -^ r- ^3W. 

y _ a y2 — S^ tf — '- 

Find the differences of the follo^-ing : 

33; 4- (I 2iC H- 7 . 24ai + 8a — 105a: ~ 355 



9. 3a; + 7 and a 
10. « + " " '^ 



MUI TIPLIOATION 01" FRACTIOSa 

9S. Let V and -, represent any two fraetiona. It hat' 

^een shown (Art. 81), that any quantity may be multiplied 

9S. WhBt ia the rule for the muJliplioalion of fractions ? 
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by a fraction, by first mnltiplj-iiig Ly tUe numerator, ajul 
then divicUiig Uie result by the denominator. 

To miiltiply j- hj -, we first multiply hy c, giving y 
then, we di^-ide this result hy d, which is done hy multiiily- 
ingthe denominator by d; this gives for the product, j—^; 
that ie, 



I. ^ there are mixed quantities, reduce them to a fr 
lional form ; tliert, 

II, Multiply the numerators together for a new 
tor, and the denominators for a n&i» denominator. 



1. Multiply a -i hy - 

hun e tf' + fa c 



Find the products of the following quantities; 
„ 2x Zah , 3ac 





Ans. 9ax. 


Ans 


ah + bx 


Ans. 


x" — b' 


ax^ — ax 


+ x^ -1 
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TILrlPLICATION OF FRACT 



t Multiply -i by - — ~ 

We have, by tlie rule, 

2a a^- h-' _ 2a{a' ~ /;') _ 1 u{a + h) {a - b) 

After indicating tlie operation, we factored both numera- 
tor and denominator, and then canceled the common factors, 
befoi-e performing the multiplication. This should be done, 
whenever there are common faetors. 

2 (a; + 2/1 



0. 


.-, "y . ■ 




9. 


3!2 — 4 , 4iB 

3 '■■> .+ 2- 


. 4x(x — 2} 


10. 


2it "^ (o + h) 


Am. ixia + S) 


11. 


(x-iy ^_ (r. + !)!/■ 


Ans.-"-K 


12. 


^^ '^ ^:- 


A». i5|. 


13. 


-^. ■- »-.-?, 


Ans. x^. 


!4. 


2a - 5 , 6a ~ 25 
4a '^ 4>-2«6 


2ab 


14. 


-S By ? + |. 


Ans. ^-^1^ 
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DITJSIOX OF rr.ACTI0K3. 

91 Sinco -- = ^? X -■ , it follows that, dividing by a 
qnantity is equivalent to multiplying by its reciprocal, BtiI, 
llie reciprocal of a fraction, -i, is - (Art. 28); conse- 
quently, to divide any quantity by a fraction, we invci-t the 
terms of the divisor, and multiply hy the resulting fraction. 
Hence, 

a _ e _ a d _ ad 
h ' d ~ h c ~ bo 

Whence, the following rule for dividing one fraction by 



%ixed guartllUes to fractional forms : 
n. Invert the temiB of the divisor, and multiple/ the 
dividend hy the resulting fraction. 

NoTB. — The same remarka as were made on factoring 
and reducing, under the head of Multiplication, are appli- 
cable in Division. 



5 _ / _ 2ao — b g __ lacg — hg 



B4. What ia the ri 
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(ce + y) (« ~ „) 

Ans. 



nVIBION or FBAOTIONB 

_ T^, , , 2(x + y) , x' — y^ 

2. Divide - ■ -^ - by ■ ^ ■ 

a (a; + !/) ^ t ^ Ef^iiO . 

« ^'' - y'- '~ « 

— ^ 

3. Let — be divided by ~ - 

4. Let -^ be divided by 5a!, 

5. Let — ; — be divided by -^ 

3. Let be diridcd by - 

1. Let — be divided by ;-=■ ■ 



Divide the following fractions: 

9. l?l^i! by ?^. An.. 



- 2bx -I 



Ana. 


60 ■ 


Ans 


Ax 
35" 


Ans. - 


+ i. 
ix 


A 


2 


X 


- 1 


Ans. 


Sfe_ 


Ans. ~ 


-J>^ 



a;= + Ja; . ,6' 

l,j ^ Am. »;+ J. 



4«" . (« + »)' 
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14. 



Ei.EMENTAIiy ALOE 

1 +3! 



1 —X 

15 ic' by X 



by 



16. 



b ^ Sa 6a — 2& 



"y 



6= - 2a6 



?!^-_^ iw ^^U. 



11. ^-^ by 

T3. m^ + I -r i by m + i t- 1. 



19 



^ ^" 



, 2a — ft 

^?18. 7 • 



+ --1. 

Ans. y. 



by Google 



BQOATI0H6 Off THE FIEST DEGKBE. 



ClIATi'ER V. 
EiitJATIONS OF THE FIIiST DEGREE. 

05. As Equation is tlie expvcssion of equality between 
two quantities, Tlius, 

ic = 5 + c, 
-is an equation, expressing the fact tliat tlie quantity x, is 
equal to the sum of tlie quanlitica // aud c, 
■ 90. Every equation is composed of two parts, connected 
by the sign of equality. These p.arts are called members : 
the part on the left of the sign of equality, is called tiie_flrsi 
m-emberj that on the right, the second member. Thus, in 
the equation, 

s + o = S - 0, 
a; + a is the ilrst memhcr, and' b — c, the second mcmher, 
97. , An equation of the Jlrst decree is one which involves 
only the fii-st power of the unknown quantity ; thus, 
. ex + 3x — 5 = 13; (1) 
and ax + bx + c = d ; (2) 
aro equations of the first degree. 

B5. What ie fin equation? 

96. Of how many pnrta is eTerj equation compfigedP How are tbo 
parls connected? What are the parla called? What ia tlie part on tlie 
Irftcalied? The part on tlie right? 

07. What is an equation of the first degree 



by Google 



108 BLEMENTAET ALGEBEA, 

9S. A NU.irREiCAL EQUATios IS One in -which the coeffi. 
cioiils of tlio imknonTi quantity are denoted by numbers, 

i)9. A LITERAL EQUATION IS One ill which the coefficients 
of the unlaiown quantity are denoteci by letters. 

Eqnation ( I ) is a numerical equation ; Equation ( 2 ) is a 
literal equation. 

ECJlJiTTONS OF THE FIRST DECKEE COKTAlNmO BUT ONK 
UHESOWN QtlANTITr. 

100. The TEANSFOituATioJr of an equation, is the opera- 
tion of changing its foiin Tvithout destroymg the equality 
of its members. 

101. An Axiom is a self-evident projiositioD. 

103. The transformation of equations depends upon the 



1. If equal gimntities he added to both members of an 
e<p.iation, the equality will not be destroyed. 

9. If eg^.ial quantities he subtracted from hothmmihers 
of an equation, the equality wiU not be destroyed. 

3. If both menders of an elation he niMUipUed by the 
same quantity, tlie equality wiU not be destroyed. 

4. If both members of an equation be divided by the satm 
quantity, the equality will not be destroyed, 

5. IdJee powers of tlie two members of an equation arc 
equal. 

6. Like roots of the ttoo members of an equation are 
equal. 

S9. What is a naraericiil equatioo ? 
99, Wbit is a liWrttl equation ? 
100. What is tlie transformation of an cquaKon ? 
101 What is an axiom? 

]02. Name tlie aiioioa on which the tranaformation of on equation 
depenilB. 
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ING OF FEA 



103. Two principal transformations ai'e employod in the 
solution of equations of tlie fii-st degree : Clearing of frao- 
tions, .TJid TransjJosi?ip. 



' FEAcnoss. 
1. Take the equation, 



The least common multiple of the denominators is 12. If 
we multiply both membei-s of the equation by 12, each term 
wiU reduce to an entire form, giving, 

Sx — ^x + 2x — 132. 

Any equation may be reduced to entire terms in the Kamp 

104. Hence for clearing of fractions, we have the fol- 
lowing 

RULE, 

I, Find tli& hast common m/iiMjjIe of the denominators : 
n, MuUijjli/ *<>(/* members of the equation hy it, reduc- 
ing the fracticmal to entire terms. 

Note. — 1. Tlie reduction will be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the con-esponding nmnerator, dropping the 
denominator. 

2. The transformation may be effected hy multiplying 
eatih numerator into tlie product of ail the denominatorn 
except its owu, omitting denominators. 

103. How many tronsformatjons are employed in the solution of equa- 
tions of the first degreef What are they? 

104. GiTC the rule for clearing nn equation offtaotioDn? Inwhat three 
R-siya may tlip rediielaon be efFecledf 
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3. The transformation may also be effected, by mvZtiplying 
both members qf the equation by <£>iy nvuitiple of the de- 
mmiinators. 



Clear the following equations of fractions : 

1. ? + I _„ 4 =: 3. A}is. 1x + 5x — 140 = lOS 

2. - + - — -^ = 8. A/ts. 9x + &3: ~ 2x — 432. 

Ans. ]8ic + 12a! — 4ic + Sjc = 120. 
4. - + -r — - — i. Ans. lix + 103! — ■Site = 280. 

r>. I — I + f = '^- -^"*- 1^^ — 1^^ + 103! z:= 900 
ic-4 X— 2 __ 5 

Ans. — 2a:+8 — (c + 2 = 10 
7. 1- 4 = -■ ^??s. 5a; + eo ~ 203; = 9 - Sa;, 



4 


6 ^ 8 ^ 9 






Jns. 


18a! - 12a! + 9x + 8a; 


ft " 


-| + -^=»- 


Am. ad ~ be + bdf 


T 


ab 


ibc'x 5a^ , 2c^ „ 



The least common multiple of the denominators is a^b" 
a,*ba; — 2a^bc^ + ia"!)' - Wc^ — 5a' + 1a?h^<P- — ^a?bK 
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TRAHBPOeiNO. 



ritAXSPoaiNG. 



105. TRAJJsrosinoN ia the operation of changing a term 
from one member to the other, without destroying the 
equality of the members. 

]. Take, for example, the equation, 

531—6 = 8 + 2x. 

If, in the Srst place, we subtract 2x from both members 
ibe equality will not be destroyed, OJid we have, 

5ar — 6 — 2iC = 8. 

Whence we see, that the term 2x, which was additive in 
the second member, becomes subtractJve by passing into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

5x - 6 ~ 2x-\- 6 = 8 + 6, 

or, since — 6 and + cancel each other, we have, 

5x — 2x = 8 + 6. 

Hence, the term wliicli was suhtractive in the first member, 
passes into the second member with the siga of addition. 

106. T!icr(iforc, for the transposition of the tenns, we 
hai"e the following 

EULH. 

Any Urm may be transposed from one member of an 
equation to the other, if t/ie sign be changed. 
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BLKMEKTAEY ALOBBEA 



EXAMPLE 



Transpose the nnkaoivn terms to the first member, and 
the known terms to the second, m the following : 

1. 3x + &~5 = 2x~'7. Ans. Sx — 2x= — 1 -64- 

2. (IX + b — d ~ ex. Ans. ax -\- ex = d — 

3. ix ^ 3 — 2x + 5. Ana. ix — 2x — 5 + 

4. &x + c =■- ex — d. Ans. Qx ^ ex =: — d — 

5. ax + f = dx + b. Ans. ax — dx = b —f. 

6. 6a! — c = — CKc + 5. Ans. 6a! + .5a: = h 



SOLUTION OF EQUATIONS. 

lOT. The SoT-unoir of an equation is the operation of 
fiiicling such a value fur the unknoivu quantity, as will 
BOtisfy the equation ; that is, such a value ai, being sub- 
stituted for the unknown quantity, wiU lender the two mem- 
bers equal, Tliis is called a eoot of the equation. 

A Hoot of an equation is said to be verijied, when being 
substituted for the unknown quantity in the given equation, 
the two members are found equal to each other. 

1. Take the equation, 

^ _ 4 _ ^C^ - ^) . o 
2 8 

Clearing effractions (Art. 104), and performing the opera- 
tions indicated, we have, 
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TION OF EQUATIONE. Ill 

; all tlie raiknown terms to the first member, 
and tlie known terms to the scuoud (Ait. 106), we have, 

12k — 4a; = — 8 + 24 + 32. 
Rediicmg the terms in the two memhers, 

8a! =z 48. 
Dividing Loth mcmhcrs by the coefficient of x, 

- = ? = e- 



+9—4=2+3: 
Hence, 6 satisfies the equation, and 

90S> By processes similar to the above, all erjuations of 
the first degree, containing but one unknown fjuantity, may 
be solved. 

E u L E . 

I, Clear the eguation effractions, and p&fjrm all the 
indicated operations : 

H. Transpose all the unlcnown terms to the first member, 
and all the hnown terms to the second member : 

in, Meduce all the terms in the first member to a singU 
term, one factor of tohich will he the uiiknown q-iantity, 
and the other factor will be the algebraic sum of its coeffi- 
cients : 

TV. Viijide both members by the co^cient of the tinJcnoiBn 
quantity: the second fiiember will then be the value of t/ti 
unknown quantity. 
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1. Solve tlie equatioi 



Clearing effractions, 

IOk — 323: — 313 = 21 — 523!. 
Dy ti'ansposing, 

lOx — 32a! + 52a; = 21 + 312, 
By rediioing. 30a; ^ 3B3; 

hence, '^ = W = lo ="-^' 

a result which may be verified by substituting it for x in 
the given equation. 

2, Solve the e<jnatior(, 

(Sffl — x) {a - b) + 2ax = ib(x + a). 
Performing the indicated operations, wo have, 

3(s2 _ (IX — 3ab + bx + 2ax = ibx + 4«5. 
By transposing, 

— ax + bx + 2ax — ibx — iab + 3«5 — 8a'. 
By redncin?, ax - Sbx = lab — Sa^; 

Factoiing, (« - ^b)x = Vff5 - 3a^. 

Dividing both members by the coefficient of x, 

_ lab ~ Z a? 
^' '' a - Sb~' 

3. Given Sa; — 2 + 24 = 31 to Sn<\ x. Ajis. a; =- 3, 
*. Giv.'n K + 18 = 3a! - 5 to find x Am. x = II j 
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6OLCTI0M OF EQCATIONS. »ltj 

6. Given 6 — 23; + 10 =: 20 — 3a! — 2, to find x. 

Ann. X = 1. 
6, Given x-^ \x-\- \x ~ \\, to tine"! k. Ans. x — ^. 

1. Given 2a; — ics + 1 — 5a; — 2, to find x. 

An,, r. ■= j 

Solve the following equatious: 

6 — 3i-t 
«« — 25 * 



3, 3jKc + - — 3 = 6a; — «. ^ns. a; — 

^ a; - 3 



+ 5 -20-:;i::^- ^«.. r.^23[. 



3a3! 


2te 


-4:./. A 


«.'/■+ 


lo<! 





"• "^ - Sa?" 


2S 


K — a 


2a! 


- 35 a - a 


10a + 116. 
.IS. S! = 25« + 




3 




5 2 ~ 
A 


24S. 


12 ~ ■ 


3 -X 
8 


5 + a; 11 
4 ■•" 4 ~ 


0. ^,u. a: = 


«. 


a + a: 


"^ f" 


-X ~ a^- x^ 


Ans. X = ^^ 


. » 


8aa; — 
7 


5 




56 + 95 - 


7o 


?_^ 


- 2 


+ ? = ?• 


Ans a; = 


10. 
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b<:d — acd + abiJ — abo 

Note. — 'What ia the numerical value of x, when a = 1, 
6=2, e = 3, (?=4, aiid/=e? 



19. 


19 6 - ^^" 




Ans. a = 14. 


20 


3« — 5 4iK — 2 


+ 1. 


^«S. iC := 6. 


21. 


, + | + |_|^2.-43. 




-4ws. K = 60. 


22. 


._--.£^. 




^«S. K = 3. 


23. 


..^^■^-'^ , + „. 


^MS. 


3b + oT 



3c( — 26' 
43; 20 — 4a 15 . „2 



2a! + 1 402 — 350 



|> + 5)_(^-J) 

a'-'h" ""■ ~ ff + 6 
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PBOBLEMS. 



100. A Peoeleit is a qiiostJon proposed, requii'iiig n 
solution. 

The SciLUTiON of a problem is the operation of finctiiig 3 
quantity, or quantities, that n'ilt satisfy the ^ven cocditjons. 

The solution of a problem consists of two parts : 

L The sTATsarssT, whic/i consists in expressing, ulgebror 
ieally, the relation between the knoton and the reguired 



n. The SOLUTION, w/rtc/i cojiszsis in finding the values 
of the unknown quantites, in terms of those which are 
known. 

The statement is made by representing the imknown 
quantities of tlie problem by some of the final letters of the 
alphabet, and then operating upon these so as to comply 
with the conditions "f the problem. The method of stating 
problems is best learned by practical examples. 

1. Wliat number is that to which if 5 be added, the sum 
■will be equal to 9 ? 

Denote the number by x. Then, by the conditions, 
K + 5 = 9. 

This is the statement of the problem. 

To find theyalue of x, transpose 5 to the second member; 
then, 

K =:: 8 — 5 ^ 4. 

Tliis is the solution of the eqiiation. 



109. What is a problem? VCTiat is the solulJon of a problcn 
how many parts does it consiEt' What are theyf What is thi 
aient? Wliat is the solnlion f 
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L16 ELEMHNTAEy ALQEBEA. 

2. Find a number such that tlioeum of one-half, one-third, 
ind one-±burthof it, augmonted by 45, shall he. eqnal to4i8 

Let tbe required number be denoted by x. 

Tlien, one-half of it 'will be denoted by -, 



one-third " 


" 


by |, 


one-fonrth " 


" 


^J I 


and, by the conditions, 






1 + I+! 


+ 45 = 


: 448. 


Tliis is the statement of the prohlem. 


dealing of fractious. 






&X+ ix + Sx + 540 


= 53Y6, 


Transposiug and collecting the uiikn< 


ra-n terms. 


13iC = 


4836; 




hence, x ~ 


4830 _ 
13 ~ 


-. 372. 


YEKIB 


TCATIOX. 




^|^H.^4! + L'5 + 45 = 


180 + 1 


24 -^ 93 4 



^ 448, 

3, What number ia that whose thu-d part exceeds ita 
fourth by IG? 

Let the reqim-ed number be denoted by x. Then, 

-X = the third part, 
S "^ 

-a; ~ tJie fonrtli part 
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PEOBLEMS. 

mil, by the conditions of tlie problem. 



Tins is the statement. Clearing of fractions, 



VERIFICATION. 



4. Divide $1000 between A, B, and (7, so that A elial! 
have %12 more than B, and C SlOO more than A. 

Let X denote the number of dollai'a which B reeeived. 

Then, a: =r -B'b number, 

a; + 72 = ^'s number, 
and, 0! + 172 ^= C's nuniber; 

and their sum, Sa + 244 = 1000, the number of dollars. 

Tliis is the statement. By transposing, 
Sx — 1000 - 2ii = 756 ; 
and, X = — ^- = 2o2 = _6"s share. 

Hence, k + 72 = 252 -f 72 ~ 324 = ^'s share, 
and, X + 172 -.= 252 + 172 = 424 = C's shai'e. 



VEEIFICATION. 

2S2 + 324 + 424 = 1000. 



5. Out of a cask of wine which, had leaked away a, third 
part,'21 gallons were aftenvards drawn, and the cask being 
thou ganged, appeared to be half full : how much did it 
hold? 
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118 ELEMENTARY ALGEBKA. 

Let a denote the number of gallons. 

Tlieu, - = the number tbat had leaked away. 

and, - + 21 :^ wliat had leaked and been drawn. 

rieiice, by the conditions, - + 21 = - • 

This is the statement. Clearing effractions, 
2x + 126 — Sx, 
and, -X = - 126 ; 

and by changing the signs of both members, ■which does not 
destroy their equality (smce it is equivalent to mtdtiplying 
both members by — 1), we have, 

X = 126. 

VEEIPICATION. 

126 126 

i|^ + 21 ^ 42 + 21 ^ 63 = --■ 

6. A fish was caught whose tail weighed 9 lbs., Jiis head 
weighed as much as hU tail and half his body, and his body 
weighed as much as his head and tail together : what was 
the weight of the fish? 

Let 2x — the weight of the body, in pounds. 

Then, 9 + x = weight of the head; 
and since the hoiy weighed as much as both he.ad and tail^ 

2a; — 9 -f- 9 + S5, 
which is the statement. Then, 

2!e — X ^ 18, and x = 16. 
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Hence, we have, 

2x = ZGlb. = weight of tlie body, 

Q -i- X — 2115. = weight of the heail, 

Qlb, — weight of the tiul ; 

hence, 121/). = weight of the fish, 

1. The sum of twomimbers is 67, and their cUiTerenoe 19, 
what are the two numbers ? 

Let X denote tho less number, 

Tlien, ic + 19 = the greater; and, by the conditions, 

2a; + 19 = 67. 
This is tlie statement. Transposing, 

2a; — G7 — 19 = 48; 

hence, a; = -— = 24, and a; + 19 = 43. 

VEEIFICATION. 

43 + 24 = 07, and 43 - 24 = 19. 

ANOTHEK SOLUTION. 

Let IS denote the gi'eater number. 

Then, a; — 19 will represent the less, 
and, 2io — 19 = 67; whence 2x = G1 ■{- 19. 

Therefore, x = ~ =^ AZ; 

and, consequently, x — 19 =: 43 — 19 := 24. 

GENEBAI, SOLUTION dF THIS PKOBLEM. 

The eum of two numbers is a, their difference is di what 
are the two numbers? 
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Let X denote tlie less number. 

Tiien, K -f- (? will denote the greater, 

and 2x + d = s, llieir Bum. Whence, 



and, consequently, 

As these two results are not depenclent on particular 
values attiibuted to s or d, it follows that : 

1. The ffrealer of twonumbers is ec^tal to half their sum. 
plus half t!ieir difference : 

2, The less is equal to h^lf tJieir sum, minus half their 

Thus, if tho sum of two numbers is 82, and their differ- 
ence 16, 



24 + 8 =: 82; and 24 — 8 = 16. 

8. A person engaged a workman for 48 days. For cacli 
day that ho labored he received 24 cents, and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 504 cents. Mequired, the number of working days, 
and the number of days he was idle. 

If the number of worMng days, and tbe number of idle 
days, were known, and the first multiplied by 24, and l(ii> 
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second by 12, the difference of these products would be 
504. Let us indicate these operations by means of algebraic 
signs. 

Let X denote the number of -working days. 

Then, 48 — a; — the number of idle days, 
24 X 03 — the amount earned, 
aiid, 12(48 — a;) — the amount paid for board. 

Then, 24a; - 12(48 — x) = 504, 

what was received, which is the statement. 

Then, performmg the operations indicated, 

24a: — 576 + l_2a! = 504, 



- 504 + 576 
1080 



30, the number of working da; 
18, the number of idle days. 



VDErPICATION. 

Thirty days' labor, at 24 cents I 
& day, amounts to 1 

And 18 days' board, at 12 cents 

a day, amounts to 

The difference is tlic amount received 



30 X 24 = 720 centB. 
18 X 12 = 216 cents. 



This problem may be made general, by denoting the whole 
number of working and idle days, by n ; 

The amount received for each day's work, by a ; 

The amount paid for board, for each idle day, by b ; 

And what was due the laborer, or the balance of th4 
aooount, by c. 
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As before, let the number of worUing days be denoted 

The nnmber of idle days will tlien be denoted by n — k. 

Hence, what is earued wiO be e^xpressed by (kc, and the 

Bum to be deducted, on accoant of board, by b{n — x). 

The statement of the problem, therefore, is, 

ax — b{n — x) ^ c. 

Pel forming indicated operations, 

ax ■- bn + b'ji r=i c, or, {a + b)x = e + bn 

, c + bn 

whence, - — 

and, n —X = n — - "^, "'" := "'" "^ "", ," — '—, 

' a+b a+b 

or, H — X =^ -y- = number of icile days. 

Let lis suppose n = 4S, a ^ 24, b = 12, and e = 504 ; 
these cumbers will give for a; the same value as before 
found. 

9. A person dying lenves half of his property to his wife, 
one-aixth to each of two daughters, one-twelfth to a sei'vant, 
and the remaining $600 to the poor ; what waa the amount 
of the property ? 

Let X denote the amount, in dollars, 

Then, - = what he loft to his wife, 

- — what he left to one daughter, 

and, — = - what he left to both daughters, 

also, — = wbai he left to his servant, 

and, $600 = c-nat bi> li'ft to the poor. 
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Tboii, by tlic conditions, 

n + ^r + — + 600 = X, the amoimt of the pioperty, 
which gives, x — $7200. 

10, j4 and B play together at cards, A sits down with 
$84,and £ with $48. Ea^h loses ajid wins in turn, when 
it appears tliat A has five times as much as £. How miieh 
did^ win? 

l,et X denote the number of doOars A won. 
Then, A rose with 84 + k dollars, 

and J} rose with 48 — a; dollars. 

But, by the conditions, we have, 

84 + a; = 5(48 - a^), 

hence, 84 + a: = 240 — bx; 

and, 6a; = 156, 

consequently, k = 26 ; or ^ won 126. 

VEPJFICATTON, 

84 -I- 20 = 110 ; 48 — 26 = 22; 
110 = 5(22) = 110. 

11. A can do a piece of work alone in 10 days, J? in 13 
days; in what lime can they do it if they work together? 

Denote the time by ai, and the work to be done, by 1, 
Then, in 

1 day, A can do — of the work, and 

JS can do — of the work; and in 

it days, A can do — of the work, and 

B can do -- of the work. 
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Hence, Ijj- tlic comlitione, 

:^ -!- :^ = 1 i\-liicli gives, 133; + 10^ z^ 130; 
hence, 23a! = 130, x = -—■ — m days. 

12 A fox, pnrsned by a bound, has a start of 60 of biE 
OWE leaps. Three leaps of the houad are equivalent to V of 
the fox ; but while the hound makes 6 leaps, the fox mates 
9 : how many leaps must the houud m.ake to overtake the 
fox? 

There is some diffioulty in this prohlem, arising from the 
different units which enter into it. 

Since 3 leaps of the hoimd are equal to V leaps of the fox, 
1 leap of the hound is equal to - fox leaps. 

Since, while the hound makes 6 leaps, the fox makes 9, 
while the bound makes 1 leap, the fox will make ;; > or - 
leaps. 

Let X denote the MMmSeJ- of leaps which the hound makes 
before he overtakes the fos ; and let 1 fox leap denote the 
unit of distance. 

Since 1 leap of the hound is equal to - of a fox leap, x 
1 
leaps Tvill be equal to ^ fos leaps ; and this will denote the 

distance passed over by the hound, in foz leaps. 

Since, while the hound makes 1 leap, the fos makes - 

leaps, while the hound makes x leaps, the fox makes -x leaps ; 

and this added to 60, his distance ahead, wiil give 

~x -!- 60, for the whole distance passed over by the fox. 
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Hence, from the conditions, 

1 3 

-a; = -a + 60 ; wneneo, 

14a; = 9a; + 360; 

X = 12. 

The hoimd, therefore, makes 72 leaps before overtaking 

tlio fox ; in the same time, the fox makes 12 X - = 109 

VERIFICATION. 

108 + RO = 103, whole number of fox leaps, 
7 
MX J = .68. 

13. A father leaves his property, amounting to 12520, to 
four eons, A, B, C, and D. C is to have $360, B as much 
as C and D together, and A twice as much as J3, less $1000 : 
how much do A, _B, and I> receive ? 

Am. A, $;60 ; -B, $SSO ; J), |520. 

14. An estate of $7500 is to be divided among a'l^'idow, 
two sons, and tliree daughters, so that each son shaD receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the shai-e of each child ? 

( Widow's shai-e, $4000, 

Am. I Each son's, 1000. 

( Each daughter's, 500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the childi-en 20 more than the men and women 
together : how many of each sort la the company ? 

Ans. 44 men, 36 women, 100 children. 
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16. A fiither dh-ides $2000 amorg five sous, so that each 
elder ehould receive |40 more than his next younger bro- 
ther : what ia the share of the youngest? Ans. $320. 

17. A purse of $2850 is to be divided among three per 
Bons, A, B, and C. A's share is to be to Ji^s as 6 to 11, 
and C is to have $300 more than A and M together ; what 
is each one's share ? A% $450 ; B's, $.825 , (T's, $1575. 

18. Two pedestiians stai't from the same pomt and tiavtl 
in the same direction; the fii-st steps twice as fti as the 
second, but the second makes 5 steps while the first makes 
but one. At the end of a certidn time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how &x will each have traveled ? 

Ans. 1st, 200 feet ; 2d, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices 
received at the end of a certain tune $144, The cai-pentera 
received $1 per day, each journeyman, half a dollar, and 
each apprentice, 25 cents : how many days were they em- 
ployed ? Ajis. 9 days. 

20. A capitalist receives a yearly income of |2940 ; four- 
fifths of his money bears an interrat of 4 per cent., and the 
remainder of 5 per cent. : how much has he at interest ? 

Ans. 170000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it; the largest will empty it 
in one hour, the second in two hours, and the third, in three: 
in what time will the cistern be emptied if they all i-un to. 
gether ? Ans. m-i^ mm, 

22. In a certdn orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees; there are also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orcbarii ? Ans. 2400. 

23. A farmer being aaked how many sheep he bad, 
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answered, that bo Lil them in five fields ; in tlie 1st he had 
i, in tlio 2d, i, in the 3d, J, and in tJic 4th, yV' and in lliu 
5th, 450; hoM many had lie ? Ans. 1200. 

24. My hoi'.e and eaddlo together aro worth Sl32, and 
the horse is worth ten times as mneh as the saddle: what 
is the value of the horso ? Ans. |I20, 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
yeai-? Ans. $1750. 

26. What nnrnTjer is that, from which if 5 be subtracted, 
I of the remainder will be 40? Ans. 65, 

27. A post IS J in the mud, ^ in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans. 24: feet, 

28. After paying ^ and ^ of my money, I had 66 guineas 
left in my pnrse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence; he therefore gave them ea^h 2 peuee 
and had 3 pence remaining : required the number of heg- 
gai's. Ans. 11. 

SO, A person, in play, lost J of his money, and then won 
3 shillings ; after which he lost i of what he then had ; and 
this done, found that he had but 12 sbillinga rem^mg: 
what had he at first ? Ans. 20s. 

31. Two persons, A and H, lay oat equal sums of money 
m trade ; A giwns $128, and Ji loses $87, and A's money is 
then double of -B's : what did each lay out? Ans. $300. 

S2. A person goes to a tavern with a certain sum of 
money in hia pocket, where he spends 2 shillings; he then 
borrows as much money as be had left, and going to another 
t;ivern, he there spends 2 ahillings also; then borrowiiif;; 



by Google 



128 ELEMENTAKY ALGEEEA. 

again as much money as was left, he went to a thiid tavern, 
where HkowJse he spent 2 shillrngs, and borrowed as much 
as he had left : and agam spending 2 shillhiga at a fourth 
tavern, he then had nothing remaming. What had he at 
tirst ? Ans. 3s. 9d, 

33. A t^or cut 19 yards from each of three equal piecei 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 
142 yards. How many yards in each piece? Ans, 54. 

84. A fortress is garrisoned by 2600 men, conasting of 

infantry, artillery, and cavalry, Now, there are nine times 

as many infantry, and three times as many artlUery soldiers 

as there are cavalry. How many are there of each corps ? 

Ana. 200 cavalry; 600 artillei-y; 1800 in&ntry. 

35. All the joumeyings of an individual amounted to 2970 
miles. Of these he traveled 3^ times as many by water as 
on horseback, and 2^ times ss many on foot as by water. 
How many miles did he travel in each way ? 

Ans. 240 miles; 840 m.; 1890 m. 

36. A snm of money was divided between two peraons, 
A and -S. A's share was to _B's in tlie proportion of 6 to 3, 
and exceeded five-nintha of the entire sum by 50, What 
was the share of each? -ins, A's share, 450 ; jB's, 270. 

37. Divide a number a into three such parts that tlio 
second shall be n times the first, and the third m times as 
great as the first, 

fi! nT ^*^ n3 



1 + n 



38, A father directs that $1170 shall be divided among 

his three sons, in proportion to their ages. Tlie oldest is 

twice as old as the youngest, and the second is one-third 

older than the youngest. How much was each to receive ? 

Ans. $270, youngest; $360, second ; $540, oldest 
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89. Three regiments are to furnish 594 men, and each to 
ftirnieh in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to V. How many muat each furnish? 

Am. 1st, 144 men; 2d, 240; 3d, 210 

40. Five heirs, A, B, C, JD, and E, are to divide an inher- 
itance of $5600, _B is to receive twice as much as A, and 
t200more; Cthree times aa much as -4, less |400 ; -Z> the 
half of what jB and <7 receive together, and 150 more; and 
M the fourth part of what the four others get, plus $475. 
How much did each receive? 

A's, $500; -B'a, 1200; Cs, 1100; -Z>'s, 1300; ^'s, 1500. 

41. A person has four casks, the second of which being 
filled from the first, leaves the first fouv-seventlia full. The 
third being filled from the second, leaves it one-fourth full, 
and when the thud is emptied into the fourth, it is foimd to 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 15 qnarts reniainiiig. How many 
gallons does each hold ? 

Ans. let, 35 gal. ; 2d, 15 gal. ; 8d, llj gaL ; 4th, 20 gaU 

42. A courier having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ans. 8. 

43. A courier goes 31^ miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22|- miles every three hours. How nuiny 
hours before he will overtake the fii^st? Ana. 42, 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other at the Tate of 3| 
miles per hour. Eight liours after, a person departs from 
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the second place, and travels at the rate of 5^ miles per hour 
How long before they will he together? 

Ans. 6 ho lire, 

EQUATIONS CONTAINIJfG TWO irNKNOWJI QUANTllTHi, 

110. If we have a smgle equation, as, 
2k 4- 3y = 21, 
containing two unknown quantities, a; and y, we may find 
the value of one of them in terms of the other, as, 



" = ^- ('■) 

Now, if the value of jr is unknown, that of x will also ho 
unknown. Hence, from a single equation, contamii)g two 
unknown qaantities, the value of x eannot he determined. 
If we have a second equation, as, 

53! + 41/ = 35, 
we may, as befoi'e, find the value of x in terms of y, giving, 
a, = ^±^JF (2.) 

Sow, if the values of x and y are the same in Equations 
(1) and (2), the second members may be placed equal to 
each other, giving, 

21 — 3v 85 — 4v 

_^ ^ __^ , or 105 - ]5y = 70 ^ By ; 

from which we find, j/ = 5. 

110. In one squatioj containing two unknown qnantiyes, can you find 
the Ta'ue of ather ? if you hare a second equation inyoWiog the Baint 
t.wo unknown quantitica, can jou find their values ? What ace 6ucl equa 
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Subtituting this value fov y in Equations (1) or (4j, we 
find a; = 3. Suoli equations are called Simiultaiie&ua 
equations. Hence, 

111. Simultaneous Equations are those in which the 
values of the unknown quantity are the same in both. 

ELIJUNATION. 
Iia. EuMiNATiON is the operation of oomhining IWj 
equations, containing two unknown quantities, and deduciug 
tlierefrom a single equation, containing but one. 
There are three principal methods of elimination : 
1st, By addition or subtraction, 
2d. By substitution, 
3d, By compai'ison. 
We shall consider these methods separately, 

Eliminaiion by Addition or Subtraction. 
I. Take the two equations. 



If we add these two equations, member to meiubei 
obtdn. 



which gives, by dividing by 11, 



and substitutbg this value in eil5ier of the given equations, 
we find, 

y = *| 

111. What are simiiltaneovis oqiialicwsi' 

112. What is elimination? How toapj methoiia of eliminotion are 
*ere» What are tliej ? 
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2. Again, take the equations, 

83! + 21/ ^ 48, 

Sx + 2y — 23. 

If we subtract the 2d equation from the 1st, ve obtain, 

5x = 25; 

wbioh gives, by dividing by 5, 

ic — 5; 
and by substituting this value, we find, 
3/ = 4. 

3. Given tbe sum oi two numbers equal to e, Jind their 
difference equal to d, to find the numbei-s. 

Let a; := tbe greater, and ?/ the l?ss number. 

Then, by the conditions, x -\- y ■= 

and, X ~ y t: 

By adding (Art. 102, Ax. 1), 2x = s + 

By aubtractbg (Art. 102, Ax. 2), . . . 21/ ^. s ~~ 

Each of these equations contains but one unknown quantity. 
From the first, we obtain, x -^ ~ 

an3 from the second, ■, y =: - 



These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For eacli 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for hig board. 
At the cud of the 48 days tbe account was settled, when tbe 
laborer received 504 cents. Required tbe number of work- 
ing daya, and tbe number of days he was idle. 
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Let X = tlie numli>3r of working days, 

y = the niunber of idle days. 
TLen, 2^3! z= -what he earned, 

and, 12^ =. what he p^d for his hoard. 

Tlien, by the conditions of the question, wo have, 
ic + y ~ 48, 
and, 24ic — 12y = 504. 

This is the statement of the prohlem. 

It has already been shown (Art. 102, Ax. 3), that the two 
members of an equation may be multiphed by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multijilied by 24, the coefEcient of x in the 
second ; we shall then have, 

24a; 4- 24,y — 1152 
24ai — 12y = 504 

and by subtracting, SOy = 648 

.'. V = ■ — - = 18. 
" 36 

Substituting this value of y in the equation, 

24a! — ]2y = 504, we have, 24a; — 216 = 504; 

which gives, 

24a! -r-. 604 + 216 = 720, and x = ^ = 30. 

TKT.rFICATloH. 

X + y = 4S gives 30+18 = 48. 

Ua: — 12ff ~ 504 gives 24 x 30 ~ 12 X 18 = 504 
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In a similar manner, either unknown c(uaatity may 
inated from eitlier eqnation ; hence, tlie following 



I. Prepare the equaiions so that the coefficients of tlis 
qiuintity to be eliminated shaB be numericoBy equal: 

II. If the signs are unlike, add the equations, me7iiber 
to mf,mher ; if alike, subtract them, member from member. 

EXAMPLES. 

Ilud the yaluca of x and y, by addition 
in tlie following simultaQeous equations 



4cc - 


1y - 


- 22 


5x+2y = 


av 


2x-\ 


%y ^ 


42) 


Sx — 


67/ = 


3) 


8a; - 


9y = 


1 i 


Ga; - 


■6y = 


4x\ 


1433 


- 15?/ 


= 12 


1x+ By 


— 37 



HiUor 

Qs: 


» 


r subtraction, 


A/is. 


. 


= ^ 


y 


- 8. 


A«i. 


. 


= 5 


y 


= 6. 


lis. X 


= 


H, 


y = 


--H- 


Am. 


. 


= i 


y 


= t. 


Ans. 


X 


= 8 


y 


= 2. 



. - y = - 2] 
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12. Says A to _B, yon give me $40 of jour money, and 
I shsll then have five times as much as you will have left. 
Now they both had $120 : how much had each ? 

Ana. Each had $60. 

13 A lather says to bis son, " twenty years ago, my age 

was four times yours ; now it is just double : " what were 

their ages ? a \ ^^'^^^^'^i ^<* years. 

I Son's, 30 years. 

14, A fiitber divided his property between his two sons. 
At tlie end of the fii'Kt year the elder had spent one-quarter 
of his, and the younger had made 11000, aJKl their property 
was then equal. After tliis the elder spent ?500, and the 
younger made $2000, when it appeared that the younger had 
jnst double the elder: what had each from the father? 

. ( Elder, «4000. 
"*■ ( Tounger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number ; but if Charles give 15 to John, John will 
have 15 times as many, wanting 10, as Charles will have lefl. 
How many has each ? a \ '^'^^n, 50. 

■^^- \ Charles, 20. 

1(1. Two clerks,^ and B, have salaries which are together 

equal to $900. A spends t'b per year of what he receives, 

and B adds as much to his as A spends. At the end of the 

year they have equal sums: what was the salary of each? 

J ^'s — $500. 
( B's ^ $400. 

^Elimination by Substitution. 
111. Let us again take the equations, 

5a; + 1y = 43, (1.) 

113! + 91/ = 69. ( 9.) 
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Find the value of ic in the first equation, which giv^ 



Substitute this value of (K in the second equation, and we 
have, 

11 X - ^ ~ ^ + 9y = 69; 
or, 4V3 - 111/ + 45^ = 345 ; 

or, — 321/ = — 128. 

Here, x has been eliminated by substitution. 

In a similar manner, we can eliminate any utilinown quan- 
tity ; hence, the 

EL'LE. 

I. Find from either egtuztion the value of the unknown 
quantity to he eliminated: 

n. Substitute this value for that quantity in the other 
equation. 

Note. —This method of elimination is used to great advan- 
tage when the coefficient of either of the unknown quantities 
is I. 

EXAMPLES, 

Find, by the last method, the values of x and y in the 
following equations : 

1. 3a; ~ 2/ = 1, and 3?/ ~ Sa; = 4. 

Ans. X = I, y ^ 2 

2. 5y — ix = — 22, and -"iy + Ax = 38. 

3. ic + 8;/ = 18, and y — 3x = — 29. 
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4. 


Sx- y = 13, and Sx + -^y = 29. 






Ans. X = 3^, 


y = 4i 


5. 


103! ~ ^ = 69, and lOi/ - | ^ 49. 






^ws. a; ^ 7. 


, S = 5. 


(5. 


^+^0=-! = 10, and 1+^^ = 2. 






^;^.. a; = 9, 


y = 10. 


1. 


|-| + 5 = 2, « + | = in. 






^?js. le = 15, 


y = 14. 


6. 


1 + 1+3 = 6,, and |-f = ^- 






J.)w. a; = 3J, 


, y = I. 


9. 


|-! + « = 5, »a §-;| = 0. 






J.res. a: = 12, 


y = 16. 


10. 


f-?-i = -». -»-s = 


29. 




^««. 0! = 6, 


y = V. 



11. Two misers, A and ^, at down to count oyer their 
money. They hoth have $20000, and Ji has three times aa 
much as A : hoAc much haa each ? , ^ Sgnoo 

^"*- 1 J3, $1500o! 

12. A person haa two purses. If he puts $7 into the first, 
the whole is worth thi-ee timea as much as the second purse : 
but if he puts $7 into the second, the whole is worth five 
timea aamuch as the first: what is the value of each purac? 

Ana. 1st, $2; "id, 83. 
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13. Two numbers have the following relations: if the 
first he multiplied by 6, the prodiict will be equal to the 
Bocond multiplied by 5; and 1 subtracted from the iirsfc 
leaves the same remainder as 3 subtracted from the second : 
what ai-e the numbers ? Am. 5 and 6. 

11 Pind two nnmbera with the following relations : the 
first increased by 3 is 3J times as great as the second ; 
and the second increased by i gives a number equal to half 
the first: what are the numbers ? Ans. 34 and 8. 



15, A father says to his son, "twelve years ago, I was 
twiee as old as you are now: four times your ago at that 
time, plus twelve years, will express my age twelve years 

hi^ti^fi '" irhnt TPP.rp t.Vipir ?htpi4 9 



Father, 72 years. 
Son, 30 " 



Elimination by Comparison. 
115. Take the same equations, 

5a! + 7^ = 43 
Ua; + fly — 69. 

Finding the value of x from the first equation, we have, 

and finding the value of x fioin the second, we obtain, 
69-92/ 
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Let these two values of x be placed equal to each other, 
and we have, 

43 — 1y _ 69 — Oy 



Or, 


4V3 - ny = 345 ~ i5y: 


or, 


- 32y = - 128. 


Hence, 


y ^ 4. 


And, 


69 — S6 



This method of oUniinatioii is called the method by comr 
parisoTi, for which we have the following 



I. Find, from eiirh eqwlinn, the value of the . 
unknown quantity to be elhnbiated: 
TL Place these values equal to each other. 



Fhid, by the last rule, the values of x and y, from the 
following equations, 

1. 3« + I + 6 r. 42, and y - ^ = U\. 

Ans. a; = 11, y = 15, 

2. I ^ f + 5 = 8, .„d I + 4 = i + 6. 

Am. a- ^ £8, y = 20. 

^- W ~ i ■*■ T ^ '' ""'^ 3y - «: = 6. 

Ans. a; = 9, y =: 5, 

4. y - 3 ^ ^a; ^ 5 and -^ = y ~ ^. 

Ans. a; = 2, y = 9 



by Google 



ELEMENTAKT ALGEBBA 

Alls. X = 16, y - 1 

±1 j_ l^^l^ = K - ^, and cc + y = 16. 
2 2 3 ' ^ 

Ans. a; — 10, j/ = 6. 

Lr^ = » _ 2., ,-'1^ = 0. 

Ans. £6 = 1, y = 3. 

X ~ i X 

/ + 3x = y + iS, y ~ = y --• 

Ans. K ^ 10, y ~ 13. 

' ~ ^~^~^ = a;+ 18, and 21 ^y = x + y + i. 
Ans. a; = 9, y = 7. 



^ns. a; = 10, y = 20. 

1 16 Having explained the principal metliods of elimina- 
tion, wo shall add a few examples wliicli may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, even in the same example. 

GENERAL EXAMPLES. 

Find the values of x and ?/ io the following Minnltar.coug 
equations ; 

1. 2x + 3y = 16, and Sx ~ 2y = II. 

Ana. X ^ 5, y =: 2. 
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2x 3y 

V T ''^ 20 ' 



^' V+f = ;?„. "■1 T + 



3a; 2?/ __ 61 



■ 1,^ y -■ 



3. - 4- 7y ^ 99, ami ^ + 1x = 51. 

-4w«. a; ^ 60, y 

™-^ + 7a: = 41 

fx — y !c 4- V 
4 5 

i-B - ;,■ + i\y ^ nl 
(?,y - X 2x ~ y _ 
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ax - b!,^c 


\'^ 


I;: 


c + <tl 


-id 




.a — 


b 
- ad 




a - 


b 




\Zx + 7y - S41 


= 1ip + lSixl 


A„s\ 


X ~ — 


!9 


2a! + iy = 1 




1 


} 


y=BO 




{x + 5){y + 1) = 


{x+l)(u- 


^»)+"'l A. 


A"' 


3 


2a+10 = 3*/+! 






1 "■ 


'■\y = 


5 



fx Jrgy ^ /( 



/> + y 5a -\- i 
ax + 2l>y = d 



l" 


a + b 


h 


eg - bh 
ag - if 


y = 


ah-<-f 
ag -If 


25=- 


- 6«2 + a 




8a 


a«= 


- fi^ + (? 



% + "-t^ 


-5') 


~+ 


3ic f 5?/ 


(86- 
- b' 


-/- 


y- "! = 


V-f 


J 



^ » 4/ 
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pitOELEira. 

1. What fraction la ttat, to the numerator ot wliicli if 1 
lieadcletl, tlie value n-ill be -, Imt if 1 be added to its 
deHoininator, tlie value will be - ? 

I-et the fraction be denoted by - ■ 

'' y 

Then, by the couditious, 

a; + 1 _ 1 , te ^ 1_ 

ij ~ a' ^" ' 2/ + 1 ^ 4' 
whence, 3a! + 3 = y, and 4a; = ji +1. 
Therefore, by subtracting, 

a: —3 =: 1, and a; — 4. 
Ilenee, 12 + 3 = y; 

.-. y = 15. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
ha^-ing sold them all together, at the rate of 5 for 2d, found 
that she had lost id : how many of both kinds did she buy ? 

Let 23! denote the whole number of eggs. 

Then, x = the number of eggs of each sort. 

Then will, -x = the cost of the first sort, 
' 2 ' 

im<l, -a! = the cost of the second sort. 

But, by the conditions o*" the question, 

5 : 2a!:: 2 :^; 

hence, — will denote the amount for which the eggs 
were sold. 
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But, by the conditions, 



therefore, l&x + 10a; — 24a; ^ 120; 

. •. te = 120 ; the number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he received a certain interest ; but he owed the sum 
of 20,000 dollars, for which he paid a certain annual interest. 
The interest that he received exceeded that which he paid 
by 800 doEars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the aliove rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest. 

Let X denote the number of units in the first rate of 
interest, and y the unit io the second rate. Then each may 
be regarded aa denoting tlie interest on $100 for 1 year. 

To obtain the interest of g30,000 at the first rate, denoted 
by X, we form the proportion, 

30,0003! 
100 : 30,000 -.-.x: — k^ > or 300s;. 

And for the interest of $20,000, the rate being y, 

EO.OOOv 
100 : 20,000 : : 2/ : ' ^ , or 200^. 

But, by the conditions, the difference between these two 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem, 
300a! — 200y = 600 
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By expressing, algebraically, the second condition of the 
problem, we obtain a second equatioo, 

BSQij — 24(kc ~ 310. 

Both members of the first equation being divisible by 100 
and those of the second by 10, we have, 



To eliminate x, multiply the first equation by 8, and tben 
add tlie result to the second ; there results, 

19y ~ 95, whence, y ~ 5. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

Sa; — 10 = 8, whence, a; ^ 6, 

Therefore, the first rate is 6 per cent, and the second 6. 

VEEIFICATION, 

$30,000, at 6 per cent, gives 30,000 X .06 = $1800. 
$20,000, 5 " " 20,000 X .05 = $1000, 

And we have, ISOO ~ 1000 = 800. 

The second condition can be verified in the se 



4. What two numbers are those, whose difiereocc m 7, 
and sum 33 ? Ans. 13 and 20. 

5. Divide the number 75 into two such parts, that three 
times the greater may exceed seven times the less by 15. 

Ans. 54 and 21. 

6. In a mixture of wine and cider, | of the whole plus 25 
gaJlonB was wine, and i part minus 5 gallons was cider : how 
many gallons were there of each ? 

Ans. 85 of wine, and 35 of cider. 
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7. A bill of £120 was paid in guineas and moidoies, and 
the number of pieces used, of both sorts, waa just 100. If 
the guinea be estitaated at 21a, and the moidore at 27s, bow 
many pieces were tliere of each sort ? Atie. 50. 

8. IVo travelers set out at the same time from London 
and York, whose distance apart is 150 miles. One of thoin 
travels 8 miles a day, and the other 1 : in what time wil! 
they meet? Ans. In 10 days, 

9. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ? 

A71S. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the fii^st horse, it 
makes their joint value double that of the second horse; 
but if it be put on the ba^ik of the second, it makes their 
joint value triple that of the first : what is the value of each 
horse ? Ans. One £30, and the other £40. 

n. The hour and minute bands of a clock are exactly to- 
gether at 12 o'clock : when will they he again together? 

Ans. lb. 5i'im. 

12, A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man waa from home, it last.ed the 
woman 30 days : how many days would the man alone be 
in di'inking it ? Ans. 20 days. 

13. If 32 pOTuids of sea-water contain 1 pound of salt, hmv 
much fi-eeliwatermust be added to those 32 po.mds,in order 
that the quantity of salt contained in 32 pounds of th<i new 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Am. 234 Iba. 

T4. A person who possessed 100,000 dollars, placed the 

greater part of it out at 5 per cent interest, and the othur 
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at 4 per cent. The interest which he rccei\ ed for the Avhole, 
amounted to 4640 dollars. Eeqnh-ed the two parte. 

Ana. $64,000 and $36,000. 

15. At the close of an election, the successful candidate 
Lad a majority of 1500 votes. Had a fourth of the votes of 
the unsuccessful candidate been also given to him, he wonld 
have received three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? , i 1st, 6500. 

^'^^ I 2d, 5000. 

16. A gentleman boqght a gold and a silver watch, and a 
chiuu worth |25. "When he put the chain on the gold watchi 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
wiver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each wateh ? 

( Gold watch, $S0. 
i Silver " $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is II, 
and if 13 be added to the first digit tlie sum will be three 
times the second: what is the number ? Ans. 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then left two gentlemen to each Lady. 
After which 45 gentlemen depart, ■when there are left 6 
ladies to each gentleman : how many were there of each at 
6«? ^,, .50g«Uem». 

I 40 ladies. 






Ans. ■ 



1 9. A person wishes to dispose of his horae by lottery, 
tl he sells the ticl;ets at $2 each, he will lose |30 on liie 
hore", ; but if he sells them at $3 each, he ii'lll receive $30 
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more than his horse cost him. What is the value of the 

horse, and number of tickets ? . 1 Horse, $150. 

"^' 1 Ko. of tickets, 60. 

20. A person purchases a lot of wheat at $1, and a lot of 
rye at 76 cents per bushel ; the whole costing him $117.60. 
He then sells } of his wheat and J of his rye at the same rate, 
and realizes $27,50. How niach did he buy of each? 

ih. of wheat, 
sh. 

21, There are 62 pieces of moneyin each oftwo bags, A 
takes from one, and S from the other, A takes twice as 
much as M left, and £ takes 7 times as much as A left. 
How much did ea«h take? . j -4, -tS pieces, 

) -B, 28 pieces. 
23. Two persons, A and J3, purchase a house together, 
worth $1200. Says A to £, give me two-thirds of your 
money and I can purchase it alone ; but, says JS to A, if 
you will give me three-fourths of jowe money I shall be able 
to purchase it alone. How much had each ? 

Am. A, $800 ; -B, $600. 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to !, the mixture will be worth 78s. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 19s. a dozen. What is the price of each liquor per 
dozen ? Ajzs, Sherry, 81s. ; brandy, 72fi, 

Equations containing three or more unknown quantities 

115". Let us now consider equations involving three or 
more unkno'mi quantities. 
Take the group of simultaneous equations, 

HI. Gire the rulf tur solving any group of sJmuliauPOuK equaliona ? 
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So;- 6)/ + 


is 


^ 


15, . . (1.) 


1x + 4y- 


3e 


^ 


19, . . (2.) 


2x+ y + 


ez 


= 


46. ... (S.) 



To eliminate z by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, since the 
coefflcientB of z have contrary signs, add the two results 
together. Tliis gives a ueiv equation: 

43a; - 2j :^ 121 (4.) 

Multiplying the second equation by 2 {a factor of the 
coefficient of s in the third equation), and adding the result 
to the third equation, we have, 

16a; + % ^ 84 (5.) 

The question is then reduced to finding the Tallies of x 
and y, which will satisfy the new Equations ( 4 ) and ( 5 ). 

Now, if the fli-st be multiplied by 9, the second by 2, and 
the results added together, we find, 

419a; = 125?; whence, a; — 3. 

We might, by means of Equations (4) and (5) deter- 
mine y in the same way that we have determined a; ; but 
the value of y may be determined more sim])ly, by substi- 
tuting the value of a: in Equation ( 5 ) ; thus, 

48 + 9y r^ 84. .•. y ^ 94-^ ^ ^^ 

In the same manner, the first of the three given equations 
becomes, hj substituting the values of a: and y. 



In the same way, any group cf simnltantons equatioiiM 
may be solved Hence, the 
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L Combine one equation of Ike group with each of the 
others, by eliminating one •unknown quantity ; there wiU 
result a neto grovp containing one equation less than the 
oriffinal group : 

n. Combine one eqttaiion of this new grovp with eoAh 
qf the others, by dtminating a second unLnovm quantity ; 
there will result a n&o group tontaxning two equations less 
them the original p oup 

HL Continue the operation until a ''ingle equation is 
found, containing but one unAnoum quantity 

IV. Find the value of this unknown quantity by the 
preceding rules ^ sub titute this m one qf the group of 
two e^/uations, and find t/te value of a lecond unknown 
quantity, substitute these *n either of the group of throe, 
finding a third unknovfn quantity , and so on, till t/ie 
values of all arefmmd 

Notes. — 1, In order tliat the ^alue of the unlinowii quan- 
tities may I>e determined, thei'e must be just as many iude- 
peadent equations of condition as there are unknown quan- 
tities. If there are fewer equations than unknown quantities, 
tlie resulting equation will contain at least two unknown 
quantities, and hence, their values cannot be found (Art, 1 1 0). 
If there are more equations than unknown quantities, the 
conditions maybe contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the unknown quantit'.es. In this case, 
with a little address, the elimination is very qoiekly per- 
formed. 

Take the four equations involving four unknown qnanti' 

2a! — ajf + 23 = 13. (1.) iy + 2z 7= 14. (3.) 

4m — 2a! " 30. (2.) hy + 3m = 32, (4,1 
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151 



By uispectiiig these equations, we eee tliat the eTimination 
of s in the two Equations, ( 1 ) and ( 3 ), ^vill give an equa- 
tioD involving x and j/; and if we ehminate u in Equa- 
tions (2) and (4), we shall obtain a second equation, iu- 
Tolving X and y. These last two unknown quantities may 
therefore be easily determined. In the fiist place, the 
(Elimination of z from ( 1 ) and ( 3 ) gives, 

'ry — 23! = 1 ; 
Tliat of u from (2) and (4) gives, 
20)/ + 6a; = 38. 
Multiplying the first of these eq\iations by 3, and adding, 

41y ~ 41; 
Wience, y = 1, 

Substitutmg this value in 1y — Ix =: 1, we find, 

le = 3. 
Substituting for x its value in Equation { 2 ), it beeomes 



And BubBtituting for y its value in Equation (3), there 
reunite, 

S — 5. 



X + y + 2 ^ 29 
X + 2y + Se ^ &2 \ 
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{23! + 4y — 32 = 22 | 
Ax — 2y + bz = 18 I to fine! x, y, smA i 
Qx-^-ly - 3 = C3 J 

Ans. a; = 3, y — Vj z = 4 





' «) + ^y + ^. = 32" 


i. Given 


■ ^« + ^y + ^s = 15 !■ to find a:, 3*, and 3 
3 4'^ 5 




[? + a' + ? = -J 




-4«s. a = 12, ?/ = 20, z = 30. 




j-a; + ;/ + s =^ 291 -1 


t. Given 


ix + y~z-\%^ Uo find 0!, y, and s. 




U - y + s = 13| J 




Ans. K ^ 16, y ^ 7J, 3 = 5^ 



+ 5y ^ 161 -| 

. Given \ Ix + Is = 209 I to find a, j), and s 
t 2y + 3 = 89 J 

j4«S. X — n, y zii 22, s :: 

r 1 1 

- + - 

X y 

- -I- - := 5 j- to find X, y, and s 

1,1 



:.J 



Note.— In thia example we should not proceed to clear 
tlie equation of fractions ; but subtract immediately the 
second equation from the first, and then add the third : we 
thus find the vahie of y. 
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1. Diyido the numter 90 into four such parta, that the 
fii'st increased liy 2, tlie second diminished by 2, the tliird 
multiplied by 2, and the fourth divided by 2, siiail bo equal 
each to each. 

This problem may be eaaly solved by introducing a new 
unloiown quantity. 

Let X, y, s, and u, denote the required parts, and desig- 
nate by m the seveJ'al equal quantities which arise from the 
conditions. We shall then have, 

K + 2 = m, y — 2 = m, 2z = m, - =^ m. 
From which we find, 

« — OT — 2, y = m + 2, s = — , W™ 2m, 
And, by adding the equations, 

x + y + z + u = m + m-\-''^ + 2rn = 4}m. 

And since, by the conditions of the problem, the first- 
member is equal to 90, we have, 

A^^m = 90, or |m = 90; 
hence, m — 20, 

Having the value of ni, we easily find the other vahies; 

ic izz 18, y = 22, s = 10, u = 40. 

■2. There are three ingots, composed of ditfercnt metals 
niised together. A pound of the first contains 7 oiuiees of 
alver, 3 ounces of copper, and of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 ounces 
of alver, 7 ounces of copper, and 5 of Dewt,er. It Is required 
7* 
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to find how mucli it will take of each of the three higots to 
form a fourth, which shall contain in a pound, 8 ounces of 
fdlver, 33 of copper, and 4} of pewter. 

Let a:, y, and z, denote the number of ounces which it 
is necessary to take from the three ingots respectively, in 
order to form a pound of the required ingot. Since there 
ai'c 7 ounces of sCver in a poimd, or 16 ounces, of the first 
ingot, it follows that one ounce of it contains ^ of an ounce 
of silver, and, consequently, In a number of ouucca denoted 

by ie, there is — ounces of sUver, In the same manner, 

we find that, —^, and — , denote the iiuniljer of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of the fourth ingot contains 8 ounces 
oi' silver. We have, th^, for the fii-st equation, 

1^ + ^11 + ^^^ 8; 
16 16 16 ' 

or, clearinjr fractions, 

•7X + I2y + 43 = 128. 

As respe.cts the copper, wc should find, 

^x + Zy -\- Iz =1 60 ; 

and ■with reference to the pewter, 

6x + y + Bz = 68. 

As the coefficients of y in these three equations are the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting tlie 
first from it, member from member, we have, 
5ai + 24s = 112. 
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Multiplying the third equation by 3, and subtracting the 
second from the resulting equationj we have, 
ISa + 83 — U4. 
Multiplying thia last equation by 3, and eabtracting the 
1, we obtain, 



40cc = 320; 
whence, x = S. 

Substitute this value for x in the equation, 
15a; + 8z = 144; 
it becomes, 120 + 83 — 144, 

whence, s = 3, 

Lastly, the two vaJuea, ic = 8, s = 3, being substituted 





ea, + y + 5s = 


gi-^e, 


48 + 2/ + 15 = 


whence, 


Z/ = 



Therefore, in order to form a poimd of the fouith ingot, 
we must take 3 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

VERIFICATION. 

If there be 7 ounces of silver in 16 ounces of the first 
ingot, in eight ounces of it there should bo a number of 
ounces of Mlver expressed by 



16 



will express the quantity of silver contained I 
the second ingot, and 3 ounces of the tliird. 
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tlierefore, a pound of the fouvth ingot contains 8 ounces of 
silver, as required by the enunuiation. The 8nme conditions 
may be verified with respect to the copper and pewter. 

3. ^'s age is double B^s, and S^s is ti'iple of C"s, and the 
sum of all their ages is 140: what is the age of each? 

Am. A'a = 84; B'a z^ 42; and Cs = 14. 

4. A person bonght a chaise, hoi'se, and harness, for £60 ; 
the horse came to twice the piice of the harness, and the 
chaise to twice the cost of the hoi-se and bai'ness : what did 
!io give for each? ( £13 6s. 8d. tor the horse. 

Ans. i £G 13s. id. for the harness. 
( £40 for tlie chaise. 

5. Divide the number 30 into thi'ee such parts that ^ of 
the first, 1 of the second, and ^ of the third, may be all 
equal to each other. A7is. 8, 12, and 16, 

6. If A and Ji together can do a piece of work in 8 days, 
A and G together in 9 days, and B and G in ten days, how 
many days would it talto each to perform the same work 
alone? Ans. A, U^ ; JB, 11^ ; <?, 23^- 

7. Three persons, A, B, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B^s mouey, which, added to his own, 
makes double the amount B had at first. In the second 
game, A loses and B ^^'ins jnst as much as had at tlie be- 
ginning, when A leaves off with exactly what he had at ni"St : 
now much had each at the beginning? 

Ans. ^,$300; _B, |200; C llOO. 

8. Three persons, A, 7i, :ind C, together posses.? $3640, 
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If B gives A $400 of liia money, thea A will have $320 
more than Ji ; but if B takes $140 of G's money, then B 
and G will have equal auma ; how much has each ? 

Ans. A, 1800; B, $1280; C, $1560. 

9. Three persona have a bill to pay, which neillier alone 
ia able to discharge. A says to £, " Give me the 4th of 
your money, and then I can pay the bill." S says to 6' 
" Give me the 8th of youra, and I can pay it." But C says 
to A, "You must give me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and Ji ? 

i Amount of the hill, $13. 
■ \ A had flO, and li $12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollara more than the first, and who put out hia capita! 
1 per cent, more advantageously, had an annual income 
gi-eater by 800 dollars. A third person, who possessed 
15000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Required, the capitals of the thi-ee per- 
sons, and the i-atea of interest. 

I Sums at mterest, $30000, $40000, $45000. 
■ \ Rates of interest, 4 5 6 pr, ct. 

11. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the chfidren together ; what was her share, 
and wliat the share of each child ? 

( The widow's share, $8000 

Ans. \ Each son's, $2000 

( Each daughter's, $1000 
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12. A certain eura of money is to be divided between 
three persona, A, B, and G. A is to receive $3000 less 
than half of it, _B $1000 less than one-third part, and C to 
receive $800 more tlian the fourth part of the whole : what 
IB the sum to be divided, and what does each receive ? 

C Sum, §38400. 

. A receives $16300 

" $11800. 

" $10400. 

13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make bis value 
double that of the first and third j if 't bo put on the back 
of the third, it will make his value triple that of the first 
and second : what is the value of each horse ? 

Ana. lat, $20 ; 2d, $100 ; 8d, $140. 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 Bailors to 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiera and guns to- 
gethei. But after an engagement, in which the slam were 
one-fourth of the survivors, there wanted 5 men t-o make 
13 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ans. 90 guns, 65 soldiers, and 670 sailors. 

15. Three persons have $B6, which they wish to divide 
equally between them. lu order to do this, A, who has the 
most, gives to ^ and (7 as much as tbey have already ; then 
B divides with A and C in the same manner, that is, by 
(riving to each as miich as he had after A had divided wllh 
t.hem" then makes a division with A and li, when it U 
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round that they all have equal suras; how m.ich had eat-h 
at first? ^jis. 1st, $52 ; 2d, #28; 3d, SlO. 

16. Divide the mimber a into three such pai-ts, that the 
first shall be to the second as mtan, and the second to the 
third as p to q. 
_ amp _ an p _ a nq 

"~ mp+np+ng' ~ mp+np+nq^ ~ mp+np+nq 

11. Thi-ee masona, A, B, and (7, are to huUd a wall. A 
and B together can do it in 12 days ; £ and C m 20 days ; 
aiid A aad Cin 15 days: in what lime can each do it alone, 
and in what time can they all do it if they work together ? 

Am. J^ m 20 days; B, in 30; and C, in 00; aU, in la 
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CHAPTER VI. 



POIffllATlON Oe POWEIIH 



IIS. A PowEK of a quantity is the product obtained by 
taking that quantity any number of times as a fector. 

If tlie quantity be tal^ec once aa a. factor, we have the first 
power ; if taken twice, we have the second power ; if three 
times, the third power; if n times, the w'* power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 
thus, 

a — «! denotes first power of a.* 
axa =^ a^ " square, or 2d power of a, 

axaxa =: a^ " cube, or third power of a. 

axaxaxa = a* " fourth power of a. 

axaXaxaxa = a'' " fifth power of a. 

axaxaxa.... ~ a'" " m"" power of a. 

In every power there are three tilings to be considered ; 

1st. The quantity which enters as a factor, and wliich is 
called the first power. 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the exponent of the 

• ffioce a' = 1 (Art. 49), a'Xo = lX3 = a';80 that the two 
fectors of a', are 1 and a. 

118. What is a power of B qaantity? What ia the power wheu ttc 
quantity is taken once aa a ftctor ! When taken tn-ioc ? Throe limes ! 
ti times! How is a power indies ted? In liTcrj power, how mtny things 
nre considered ! Name tbem. 
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power, and shows how many times the letter enters ae a 
fector. 

3d. The power itseli; which is the final product, or result 
of tlte multiplications, 

POWERS OF MONOMIALS. 

119. Let it be required to raise the mouoioial 2aW io 
the fourth power. We have, 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
timee as a ia«tor. By the rules for multiplication, this pro- 

(2«362)* = 2*a^ + 3 + 3 + 352 + 2 4-2 + 1 = 24ai2je. 
from which we see, 

Ist, That the coefl'ieierit 2 must he rmsed to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, tho exponent of the power. 

As the same reasoning applies to every example, we havp, 
for the raisuig of monomials to any power, the following 

RULE. 

I. liaise th& coefficient to the required power : 
n. Multiply the exponent of each letter by the eiiy>one>U 
of the power. 



1. What is the square of Sa^y^ ? 

no. What ia the rule for miaing a mom 
the mouoniiai is positive, n-hat will be the i 
Degativp, what pow^TS will be pliis ' wbat mi: 
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2. What is the cube of GaV"' ^ -^'*«' 216a'=y«ar^. 

3. What is the fourth power of 2«y^'? laaiy^S^o, 

4. What is the square of a^¥"y^1 Ans. a^o^^y^. 
5 What 18 the seventh power of a'bcd^ ? 



7, What is the square and cube of — 2ffl=i^? 

Squara. CvU. 

— ^a^lP- — 2aVj^ 

— 2er^5^ - 2a^b^ 

— 2rt'52 

By ohservhig the way in ■« hich tlie powers are formed, 
we may conclude, 

ls% TFlftew the monomial is positive, all the powers will 
be positive. 

2d. WMn the monomial is negative, all eoen powers wUl 
be positive, and ail odd will be negative. 

8. What is the square of — 2a*¥ ? Ans. ia^'". 

9. What is the cube of -^ 5a"b^ ? Ans. — l^Sa^'-b". 

10. What ia the eighth power of — a'xi/^ ? 

Ans, + a^'-3-?y'^ 

11, What is tho seventh powfir of — (C^'c? 

Ana. — a""U"'<y 
13. What ie the sixth power of ial/y^ ? 

Ans. H-ia'-b'^y^^ 
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13. What is toe ninth power of — a''hc' P 

Ans. - a^'<b^c'\ 

14. What is the sixth power of — Zah'^d'i 

Ans. 'l29a'^b'H\ 

15. What ia the square of — lOaH^c^ ? 

Ans. 100a^5='tc. 
1^. What is the cube of — ^arb'SY^ ? 

Ans. — V29«5"'63-'^^. 
17. What is the fourth power of - ia^Pc'd" ? 

Ans. 25Qa^W^o'^d^ 
18.. What is the cube of - 4a^-"f>'^''cH? 

Ans. — 64((^"'J^"c^(?' 

19. What is the fiflli power of 2aW-a:y ? 

Ana. Sla'^b'^s^i/^. 

20. Wliat is tile square of SOar^y^c-'? Ans. 400i«'"i/="'c'^. 

21. What is the fourth power of 3a''5="c^? 

Ans. Slci"'b^''c 

22. What is the fifth power of — c-'<:P-"x^y^ ? 

Ans. — c^"iii^^"')/'i>, 

23. What is the sixth power of — fCS^'c" ? 

Ans. o^'Ji^xc^". 

24. What is the fourtli power of ~ 2tf^c'(7^. 

Ans. ICa^c^d'^. 

POWERS OF FEACTIOKS. 
ISO. From the definition of a power, and the rule for 
tlie mnltiplication of fractions, the cuhe of the fraction -=, is 
written, 

\bl ~ b ^ b ^ b ~ J>'' 
ISO. What ie the rule for raising a fraction to any power » 
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and since any fraction raised to any power, may be written 
under the same form, we find any power of a fraction by 
the following 



Maise the numerator to the required power /or a nete 
immerafor, and the denominator to the rsfptired potee-Y- fov 
a new denominator. 

The rnle for signs is the same as in the last article. 



Find the powers of the following fractions : 
1. ii^\'- ^»>- tr 



- (1)' 

\ 3be' I 

\ iy'l 
jasa/'Y 



- 26c + cs 






_d^ 



». 








8. 


Fourth power of 


alfe 
2xY 




9. 


Cube of ^l^li^. 
" + !> 


Am 


a^ — ?.x^y + ixy'' — y' 


a;J + 3a;=v + nxif + y^ 
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n. Fiflh power ot -?|^. Am. - l£'^,- 

POWERS OF BINOMIALS. 

131. A EinoraiaJ, like a monomia], may bo raised to any 
power by the process of continued multiplication. 

1. Find the iiith power of tlie binomial a + b. 

a + b let power. 

X + b 



a=+ ab 

+ ab + b- 
a?- + 2«& + J 
a + b 




6= 


+ 


5* 


2d I 


«3 -)- 2a=6 + 
+ a-'b + 


lah^ 4- 




a3 + Za^h + 


ZaP + 


53 . 


sa, 


a* + Za^b + 
+ a^b + 


Zd?b^ + 






a* -r i.a?b + 
a + b 


6«26« + 


4«53 


+ 


ft' 


4th] 




%aW + 




+ ab* 
■ + 4((&^ 


+ S= 



- Ba'J + 10rt^5^ + lOw^;"^ -f 5«6* + U- Am. 

lai. How may a biaomia! be raised to any power? 

122. How does the nuinbor of mQltipli cat ions compare with tho ej. 
ponent of the power ? If the esponent ifl 4, what is the number of 
miiitiplioatioaa? How many when it is ■ail How many things are con. 
aiilprtd in tiie raising of powers? Name them. 
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Note.— 12S. It will he observed that the number ol 
mulLipliuations is alwaya 1 less than the units in the expo- 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation ia neuessary. If it is 2, we multiply ouce ; if it is 3, 
twice ; if 4, three times, ifee. The powera of polynomials 
may be expressed by means of an exponent. Thus, to 
eicpress that a + /> is to be raised to the 5th power, we 
write 

(« + »)=; 

if to the With power, we write 

(. + 5)-. 
2. Find the 5tli power of tlie bicomial a — h. 

a — b . , , Ist power. 



a^ — 2iih ^- h^ 



2d power. 



a^ — 2a^f> + ab'' 

— a^b + 2aJ* — b^ 

a^ — 3a^b + Sab" — b^ .... 3d power. 

a -.b 

a* — Za?h + 8a^'' — aP 

— d'b -{-' 3a=62 — Sab^ + &' 

a* — 4a^b + 6a^J^ — 4«6^ + b* . 4th power, 
a -h 



4aW + ab* 
">^ + iab* — A> 

o« — 5a'b + lOaW — 10a^&= -f 5a6* — ¥ Am. 



;6 _ ia-'b + 6aW 
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In the same way the higher powers may be obtained. By 
t'xaniijiing the powers of these binomials, it is plain that four 
things must be considered : 

l8t. The number of terms of the power, 
2d. The signs of the tei-ms. 
3d. The exponents of the lettera. 
4th. The coefficients of the tei-ms. 
Let us see according to what laws these are formed. 

Of the Tenns. 

123. By examiuing the several multiplicatioBS, we sliaH 
observe tiiat the fii'st power of a binomial contains two terms; 
the second power, three terms; the third power, four terms ; 
the foui-lh po wer, five ; the fifth power, as, &c,. ; and hence 
we may conclude ; 

That the number of terms in any power of a binor/Ual, 
ie greater hy one than the exponent of Ihepow^. 



Of the Signs of the Terms. 

134. It is evident that when both terms of the ^veu 
binomial are plus, aU the terms of the power will be plus. 

if the second term of the binomial is negative, then all 
the odd terms, counted from the left, wiU be positive, and 
til the. even, terms negative. 

128, How manj terms does thefirst power of a bmomiiilcoataia? The 
Kecoadl' The third? The «t3i power? 

134. If both terms of a binomial are poBilivc, what will be the signa 
of tha wrms of the power? If tho second term ia acgatiTe, how ace the 
sifme of the terms ? 
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Of the Exponents. 

125. Tho letter which occupies the fii'St place in a bino. 
mial, is called the leading letter. Thiis, a is the leading 
letter ill the binomials a + b, and a — h. 

1st. It is evident that the exponent of the leading letter 
in the first term, .will be the same as the exponent of the 
power; and that this exponent will diminish by one in each 
tei-m to the right, imtil wo reach the last term, when it will 
le (AH. 49). 

2d. The exponent of the second letter is in the first 
term, and muei^es by one in each term to the right, to the 
last term, when the exponent is the same as that of tJie given 
power. 

3d. The sum ut the exponents of the two lettei^, in any 
term, is equal to the exponent of the given power. This 
last remaik will enabL us to veriiy any result obtained by 
means of the bmomial foimuh 

Let us now "ij ply those principles in the two followhig 
examples, m which tho coefBtients are omitted: 

{a + if . . , (i« + a'5 + a'5* + a^b^ + a^b* + ad* + 1% 
(a-by . . . a" - a^b 4- a'¥ - a^b^ + a^J* — o*« + 5*. 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, wo will add a 
few more examples. 

126. WWch IB the leading letter of a binomial ? What is the exponent 
of tliis letter in tho flret term ? How does it change in Ite terms towards 
the rigbt ? Wliat is the exponent of tbe second letter ic the second terra J 
How does it change in the terms towards the right f What is it in the 
lost teini • What is the mm of tbe esnoiietita in any term equal to ? 
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1. (a + by.. a--+a''b+ab^ F R 

2. (a — by . . a*—a?b+aW— ab^ + ¥. 

8. (« + *)■'. .a^+a''b-^aW+a^b'^^a¥-\- b". 

4, Ut-by . .a'-a^b+a^P-a'P-i-a'b'-a^^-i-ab'-b-'. 

Of the Coefficients. 

B2«. The coefficient of tlie first term is 1. The coeiB 
cient of the second tei-m is the same as the exponent of the 
givon power. The coefficient of tlie third term is found by- 
multiplying the coefiiatnt of the second tenn by the expo- 
nent of the leading letter m that teim, and divi ling the 
product by 2. And finEdly 

If the coefficient of any tenn tie mvZtiplied by the aepo- 
n^nt of the leadii y Utter m that term, and the product 
divided by the number whiJi maiJi the jAace of tlie term 
from, the left, the quotient wtU be the coqffi lait of tJte 
next term. 

Thus, to find the cocffiLienti in llif example 
(a — by. . . a'— a^b + a^b''~a^t/^+ a^b*—a b +ab^—b'', 
we first place the exponent 7 as a, coefficient of the second 
tei-m. Then, to find the coefficient of tho third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third tenn. To find the 
coefficient of the foiirth, we multiply 21 by 6, and divide 
the product by 3 ; this gives 35. To find tho coefficient of 
tho fifth tenn, we multiply So by 4, and divide the product 
by 4 ; this gives 85. The coefficient of the sixth tei-m, found 

126. What is the coefficient of the first term ? What h the eocfficiem 
o( the second term ? llow do you find the coefficient of the third term 
Row do jou End the coefficient of any tenn f What are tho cocfficienta 
of the Brat and last terms P How are the coefficienta of the eipocm.la 
111 snj- tBP tennp equally dietflnt from the two estrempat 
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in the same way, is 21 ; that of the seventh, 1 ; and that of 
the eighth, 1, Collecting theae coefficients, 

(a - by ^ 

a' - 5a«* -)■ 2la^b''-Ua^b^ + :AaaW - Sla^fi^ + lab^ - 6'. 

Note.— We see, in examining this last result, that the 
weffisieiUs of the extreme terms are each 1, and that tkt 
coefficients of terms equally/ distant from the extreme terms 
are equal. It will, therefore, te sufficient to find the coeffi- 
cienta of the first half of the terms, and from these the 
others may be immediately ^vritten. 



1. Find the fom'th power of a + fi. 

Ans. of- + 4a36 4- Ga^S^ 4- 4o6^ + &*. 

2. Find the fourth power oi a ~ b. 

Ans. <i* — ia^b + Oa^S^ _ ^^jja ^. §,_ 

3. Find the fifth power of a + 5. 

Ans. a'' + 5a^b + lOa^b^ + 10a=5= + 5o6' + b-\ 

4. Find the fifth power o? a — b. 

Ans. a" — 5a'5 + lOaW- — 10a=6' -h Hah' — 6*, 

5. Find the sixth power of a + 6. 

a' + ea^b + 15«'&2 4.f-20«.'6^ + 15c''6' + 6aA^ + i«. 
3. Find the sixth power of a — 5. 

a^ — 6a^b + 15«-'5= — aOffl'fta + 15o«6'— 6«5^ + b'. 

a 27. When the terms of the hinomial have coefficiontB, 
we may atih write out any power of it by means of the 
Binomial Formula. 

7. Let it be required to find the cube of 2f + 3rf. 
(a + by ^ a= + Sa^b + 3ab' H- b'' 
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Here, 2c takes tlic ]ilace of a in tlie formula, and 3d the 
place of b, Hciici!, we have, 

{2c+3dy ^ {2cY+S.[2e)\3d+3[2c){3dY+{3dy . (I) 

and by peribi-mmg the indicatecl operations, wo have, 

(2c + Sdy = So^ + Sec'd + 54crf' + 2'?d\ 

If we examine the second member of. Equation ( 1 ), we 
see that each term is made up of three factors: Ist, the 
nnmerical factor; 2d, some power of 2c; and 3d, some 
power of 3d. The powers of 2o ai-e arranged in descend- 
ing order towards the right, the laat tenu involving the 
power of 2c or 1 ; the powers of 3d are arranged in ascend- 
ing order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three faetors of each 
term in a vertical column, and then performing the mnli.ipli- 
cations as indicated below, 

Find, by this method, the cube of 2c + 3d. 

OPERATION. 

1+3 +3 +1 Coefficients. 

8c' + 4c2 + 2c +1 Powers of 3c 

1 + 3<? + 9(?2 + 27(f3 Powers of 3<; 
(2e + dy = Sc^+ 36c^d + 5icd^ + 21d^ 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding 
to the partietdar power ; in the second line, write the do- 
Bcending powers of the leading term to the power ; in tlio 
tbird line, write the ascending powers of tlie following tcnn 
fn>m the power iipwards, II «-ill be easiest to conimcnco 
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the second line on the right hand. The cmltiphcation should 
be performeil from ahovc, downwaida. 

8, Find the 4th power of Ba^f — 'lid. 

(a + V)- = a' + ia?h + 6a=J^ + 4«53 + 5«. 



1 + 


4 


+ 


6 


+ 4 


+ 1 


SlffiV + 


21aV 


+ 


9a'c^ 


+ 3«=<! 


+ 1 


1 ~ 


2b(l 


+ 


45^!;^ 


- 85'c?^ 


+ \&b*d , 



9. What is the (lube of 3o; - 6y ? 

Ans. 217? — l%2x^y + 324a!y= — 216i/^ 

10. What is the fourth power of « — 3J? 

Am. a* — I2a^b + bia^b'^ - lOSaS^ + 8l6\ 

11. What is the fifth power of c — 2(?? 

Ans. e= — 10c*(? + 40c'(?' — SOc^t?^ + SOm?' — 33<?». 

12. What is the cube of 5a — 5<l^ 

Ana. Viba? — Tlaa^d + ISSaf?^ — 27(?'. 
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CIIAPTER Vn. 

SqUABB BOOT, RADICALS o: 



128. Thk Squaee Root of a numbor is one of its two 
equal factors. Tims, 6 x 6 := 36; therefore, 6 is the square 
root of 35. 

The eynibol for the sqiiarc root, is y' , or the fractional 
exponent J- ; thus, 

A or a\ 
indicates the square root of a, or that one of the tiro equal 
fectora of a is to be found. The opei-atlou of finding such 
fkitor is called, Extracting the Square Hoot. 

129. Any Dumber which can be resolved into two equal 
inteffrai factors, is called a perfect square. 

The following Table, verified by actual multiplication, in- 
dicates all the perfect squares between 1 and 100. 



I, 4, 9, 16, 25, 86, 49, 64, 81, 100, squarra. 
1, 2, 3, 4, 5, 6, 1, 8, 9, 10, roots. 

128. What is the square root tf 11 number f Wlia is the operation of 
finding (he equal factor called P 

129. What ia a perfect sqHarcP How manj perfect squares are there 
between 1 and liXl, iuel 'ding botl numbers 'I VVlml lire thej? 
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We may employ this table for fiading the scuare root of 
any perfect aquai'e between 1 aud 100. 

Look for the number in the first line y if it is found 
there, its square root will be found immediately under it. 

If the given nnmber is leas than 100, and not a perfect 
square, *'( will fall between two numbers of the upper line, (md 
its square root v}iU he found between the two numbers directly 
hclow / the leaser of tlie two will be the entire part of the 
root, and will be the true root to within less than 1. 

Thus, if the given number ia 55, it is found between the 
perfect squares 40 and 64, and its root is 7 and a decimal 
fraction. 

Note, — There are ten perfect squai'es between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contsun tens and units. Let 
■ZV denote snch a number, x the tens of its square root, and 
y the wnits ; then will, 

W ^ (a; + y)2 7= ar' + Say + y2 ^ a;= + (29! + y)y. 

That ia, the njimber ia equal to the square of the tens in its 
roots, plus twice the product of t/ie tens by the units, plus 
the square of the units. 



1, Extract the square root of 6084. 

Since this number is composed of raoi-e than 
two places of figures, its root will contain m.ore 60 oi 

than ono. But since it is less than 10000, which 
is the square of 100, t!ie root will contain but two figures' 
that ie, units and tens. 
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Now, the Bquars of the tens must be found in the two 
left-hand 6gui-^, which we will separate from the other two 
by putting a point over tlie place of units, and a second over 
the place of hundi'cda. These parts, of two figui-es each, 
are called p&riods, Tlie part 60 is comprised betiveen the 
two squares 49 and 64, ofwhiehtherootsare^and 8; henoo, 
1 expresses tJis number of tens sought ; and the requbed 
toot is composed of 1 tens and a certain number of units. 

The figure 1 being found, we 
\vrite it on the right of the given 60 S4 I 78 

number, from Ti*hich we separate 49 | 

it hy a vertical line : then we 7 X 2 = 14 8 j llsT" 
subtract its squai'e, 49, from 60, 118 4 

which leaves a remainder of 11, 

to which we bring down the two 

next figures, 84. Tlie result of this operation, 1184, con- 
tains (Miice the product of the tens by the units, plus the 
square of the units. 

But since tens multiplied by units cannot give a product 
of a less imit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units , 
tills double product is therefore found in the part 1 1 8, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 wiU ea^ess the units, or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may bo too 
large, for the 118, besides the doable product of the tens by 
the units, may hkewise contain tens arising from the square 
of the units. To ascertain if the quotient 8 expr<Kaes the 
right number of unita, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. This 
multiplication being effected, gives for a product, 1384, a 
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numlDcr equal to the result of the tirst operation. Hav- 
ing subtracted the prodiiet, we find the remainder equal 
to ; hence, 78 is the root required. In this operation, 
we form, 1st, the square of tho tens; 2nd, the douWe 
product ot the tens by the units ; and 3d, the aquaie of 
the units. 

■ Indeed, in the operations, we have merely subtracted from 
the given number C084 : 1st, the square of T tens, or of 10; 
2d, twice the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three pai'ta which enter into the composition of 
the square, TO + 8, or 78 and since the result of the sub- 
traction is 0, it follows tha'. 78 is the square root of 6084. 

130. The operations in the last example have been per- 
fortned on but two peiiods, but it ia plain that the ssme 
methods of reasoning are equally applicable to larger num- 
bers, for by changiog the order of the units, we do not 
change the relation in which they stand to each other. 

Thu8, in the number CO 84 95, the two periods 60 84, 
havo the same relation to each other as in tho number 
60 84 ; and hence the raetliods used in the last example ai-e 
equally appUcable to larger numbers. 

131. Hence, for the ex-traction of the square root of 
numbers, we have the following 



I. Point off the given number into periods of two figures 
each, beginning at the right Tiand: 

II. Ifote tfte greatest perfect square in the first period on 
the left, and place its root on the right, after the manner of 



13 


]. Give the riilo for the esti 
I Is the flrai step ? What thi 
[hf Wliatth^Ortli? 


[■action of the jq 
Bsecmd? -WUa 


t tlie tiih 


t of niiiDhers! 
■.1? Wliatthe 
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SQDAKI! KOOT OF MDMBEKB. 177 

a giiotient in division / then subtract the square of thic 
root from the first period, and bring down the. second period 
for a remainder: 

m. Double the root already found, and place the restilt 
on the left for a divisor. Seek how many times the divisor 
is evfitained in t!ie remainder, exclusive of the right-haiid 
jiffure, and place the figure in the root and also at the right 
if the divisot : 

TV. Multiply' the divisor, thus augmented, by the laat 
figwe of the root, and subtract the prod-ucl from the m- 
mainder, and bring doion the next period for a ncvi remain- 
der. Sut if any of the products should be greater than 
the remainder, diminish the last figure of the root by one : 

V. Dovhle the whole root already found, for a new di- 
visor, and continue the operation as before, nntil all tlio 
periods are brought down. 

13S. KoTB,— 1. If, after all the periods are brought 
down, there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
Dumber is divided. 

3, If the given number has not an exact root, there will 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of which there will be one decimal place in the root. 

1S2, What takes place when llie given number ia a perfect square} 
How many places of figures will there Ihe in the root? If the ^Teii nvim- 
ber is not a perfect square, nhal may 'le done after all the periods are 
broi^ht duK'u ? 
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1. What is the square root of 36720 ? 



3 67 29, 191M + 



38 1 
382 6 


629 
381 
24800 
22956 


3832 4 


184400 
153296 



In this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



. To fmd llie square root of 7225. 
. To find the square root of 17689. 
. To find the square root of 994009. 
. To find the squai-e root of 85673530, 
. To find tho squai-e root of 67798756, 
. To find the square root of 978121. 
, To find the square root of 956484, 
. What is the square root of 36372961 "i" 
■. What is the squai-e root of 22071204 ? 
. What is the squai-e root of 106929 ? 
. What of 12088868379025 ? 
. What of 2268741 ? 
. What of 7596796? 
■. What is the square root of 96 ? 
.. What is the square root of 153 
. What is tlie s.iiuirc root of 10! 



31104 Rem. 




Ans. 85 




Ans. 133 




A71S. 097 


. 


Ana. 9255 


. 


Ans. 8234 




Arts. 989 




Am. 978 


I? 


Ans. 6031 


4? 


Am. 4698 




Ana. 327 


Ans. 3476005 


Am 


1506.23 + 


Ans 


2756.22 + 


Ans 


9.79795 -t- 


ins. 


12.36931 ■( 


An.^. 


10-0! (187 i 
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18. What of 2858ro.'!9fi644? Ans. 534702. 

IS. What of 41C05800625? Ana. 203973. 

20. What of 48303584206084? Ans. 6950078. 



TUB SQUAIIE EOOl' OF PliiCTlONS. 

ass. Siiice the square or eeeond power of a fraction ia 
obtained by Bquaiiog the numerator and denominator Be])a- 
rately, it follows that 

T/ie sqnare root of a fraction will be equal to the square 
root of the numerator divided by the square root of the 
denominator. 

For example, the square root of ^ is equal to j : for, 



1, What is the square root of -? Ans. - 

2. Wiiat is the square root of — ? Ans. - 

3, What ia the square root of — ? Ans. - ■ 

4. What is the square root of ^^? Ans. — ■ 

6, What is the square root of —7? Ans. -■ 

^64 2 

T^ . , ,. 4090 „ .64 

6. What IS the square root 01 r Ans. —— ■ 

K -.m ^- .1 ^ ^ 582189 „ . 763 

7, WHiat IS the square root 01 l Ans. -^' 

IE8. To what is \he Bquare root of a fraoUon eqnal f 
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134. Kthe numerator and denominator are not perfect 
squares, tlie root of tbo fraction cannot be exaotly found. 
We can, however, easily find the approximate root. 



1/ hoth terms of the fraction by the d 
Then retract the square root of the numerator, and divida 
this root by the root of the denominator; the quotient wSl 
be the approximate root. 

1. Find tlie square root of - ■ 

Multiplying the numerator and denominator by 5 

\/l"^ = ^' = (-'-+' *=^ 

honce, (3.S729+) -=- 5 ^ .7745 + = Ans. 

7 

2. What is the square root of -? Ans. 1.32287 -f. 

14 

3. What is the square root of -— ? Ana. 1.24721 +. 

4. What is the square root of 11—? Ans. 3.41869-)-. 

5. What is tho square root of 7^? Am. 2.71313 +. 

6. What is the square root of 8--? Ans. 2.SS203 +. 
T. What ia the square roct of ~1 Ans. 0.64549 +. 
6. What is the square root of 10—? Ans. 3.20930+-. 
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SQUAKE KOOT OF MONOMIALS. 18] 

B35. Finallv, instead of the last method, we may, if wc 
please, 

Change the common fraction into a decimal, andcontimce 
the division until the number of deeimal places is double 
the number of places required in the root. Then ffxtraei 
the root of the decim,dl by the last rule. 

1. Extract the square of — to within ,001. Thianum 
ber, reduced to dedmala, is 0, 785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest uiiit, ia .886; hence, 
0.886 is the root of — to within .001. 

2. Fiiid the y/sttt to within 0.0001. Ans. 1.6931 +. 

3. What is tho square root of — ? Ans. 0.24253 +. 

7 

4. What is the square root of -? Ans. 0.S3541 +. 

5. What is tho square root of ^? Ans. 1.29099 +. 

EXTRACTION OF THE SQtJAKE KOOT OF M0N0MIAI5. 

136. In order to discover the process for extracting' the 
squai'e root of a monomial, wo must see ho\F its square is 
formed. 

By the rule for the multipUeation of monomials {Art. A2\ 
we Iiave, 

{5a?l?cY = 5ffl«5^C X 5aWG = 25a'5«(j=; 

1S6. Whal IB H aPconiJ method of finding (be approximate root ? 
186. Give the rule for eilraoting the sqiisr' root of moiiomUlB? 
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182 ELEMGSTAKT ALGEBKA. 

that ia, in order to square a monomial, it is uecossary to 
square its coefficient and double the ea^onent of each of the 
letters. Hence, to find tlie square root of a monomial, we 
have the following 



I Mxlract the square root of the coeffiotent for it new 
coefficient : 

II. Diuide the exponent of each letter by 2, and then 
ann&e all the letters wiik their nev) exponents. 

Since like signs in two iactors give a plus sign in the pro- 
duct, the square of — a, as well aa tiiat of + a, will be 
+ a'; hence, the square root of a^ is either + a, oi 
— a. Also, the square root of 25a^6*, is either + 5ab% 
or — 5ab^. "Whence we conclude, that if a monomial ia 
positive, ita square root may be affected either with the sign 
+ or — ; tlius, i/Eto* = ± 3a^ ; for, + 3a^ or — Sa\ 
squared, gives + 9a*. The doable sign ± , with which the 
root ia affected, is read plus and minus. 



1. What IS the square root of Ma^b' 7 

-v/eteW = +SaW; for +Ba^'^x +8aW= +(iia^b* 
and, y^ia^b* ^ — 8a=J^; for -SaWx -8aW^ +Ua"b* 
Hence, i/64(*«6* = ± Sa^b*. 

2. Fmd the square root of 625a^b''c^. ± 25«5'c'. 

3. Find the squai-e root of blQa'b^c^. ± 2ia^b'^cK 

4. Find the square root of 196fl^yV. ± \Ax'yz^, 
6. Find the square root of U\a^¥c^''d'^^. ± lla'^b^cH^. 

6. Find the square root of "JMa^W-c^H"^. ± 28ts^6'c^d, 

7. FIthI the square root of 81„Wc^ ± 9a'SV. 
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Notes.— 137. 1. Froiu the preceding nu« it foUows, 
that wliun a inonomial ia a perfect square, its numerical 
coe^cient ia a perfect square, and all its exponents eueti 
numbers. Thus, 25a^6* ia a perfect square. 

2, If the proposed monomial were tteffative, it would i»9 
impijssible to extract its square ro9t, since it has just beun 
shown {Art. 138) that the square of every quantity, whether 
positive or negative, ia essentially positive. Therefore, 

are algebraic symbols which mrliLati. i pei i it ihit cannot 
be performed. They aie callel tmagin / qiiatititief<, or 
rather, imaginary en^esMona, and aie frequently met nith 
in tLe resolution of equations of the second degree 

IMI'KP-PECT SQUARES, 

13S. When the coefficient is not a perfect eguare, or 
iihen the exponent of any lettei- is uneven, the monomial is 
an imperfect aqitare: thus, 98ab* is an imperfect square. 
Its root is then indicated by means of the -adical sign ; thus, 



Such quantities are called, radical quantities, or radicals of 
the second degree: hence, 

A EADicAL QUANTirY, is the indicated root of an imj)erl'ecl 
power. 

137. When ifl a monomial a perfect square? What monomials «ro 
(iieae wliose gquare rools cannot be Pitnutted ? Wliut are such eiprps. 
lioias called ? 

138. Wheu is b nionomii.l an inipeifeci. ^lUiire P WSai ate siich qfjin 
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TRAKSFOEMATION" OF EADICAIS. 

139. Let a and h denote any two numbers, and 'p 
the [iioduct of their square roots: then, 

v* X vs = p (1.) 

.S.jLiaring both members, we Jinve, 

axh =f .... (2.) 
Tlien, extracthig tlie square root of both members of (2 ), 

y^ — p (3.) 

And since the second members are the same in Equations 
( 1 ) and ( 3 ), the first members are equal : that is, 

The square root of the product of two quantities is equal 
to theproduct of their sqxiare roots. 

140. Let a and i denote any two numbers, and q 
the quotient of tlieir square roots; then, 

$-^ <'■' 

Squaring botli members, we have, 

1 = 2' f^-) 

then extrac.tmg the square root of both members of (2), 

vf = « <») 

and since the second members are the same in Equations ( I ) 
and ( 3 ), the first members are equal ; that is, 

1S9. To what is the square root of the product of t»'o quantities 6qr.aH 
140. To what is the squire root of the quotient of two qiiaaUa™ 
cqiial f 
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The square root of the quotient of two quantities is equal 
to the quotient of their square roots. 

These principles enable na to transform radical espres. 
mons, or to reduce them to simpler foiins ; thus, the expres- 
uon, 

^&a¥ = 495' X 2a; 

lience, ■</^&ab* = ^/^^b" X 2a; 

mill by the principle of (Art. 139), 

^496' X 2a — V^gF^ X V2a =^ ':¥'^/2a. 
In like mannerj 
■y/i^a^^c^d = ■\/&aWc'^ X hhd = Zalo-\/hhd. 
v'864a^5=c" = y^Iia^S^" x 65c = 12a5Vv^- 

The cOBFPiciENT of a radical is the quantity without the 
Mgn ; thus, in the expressions, 

the quantities W, Babe, 12ab^c\ ai-e coefficients of the 
radicals, 

141. Hence, to simplify a radical of the second degree, 
we have the following 



I. Divide the expression under the radical sign into two 
factors, one of which shall he a perfect square : 

n. Sketraet the squa/re root of the perfect square, and 
then multiply/ this root hy the indicated squa-e root of the 
remaining factor. 

HI. Give the rale for Eimplifjing radl^ala of the ecootid degree, flow 
do 70U determine wbetlier a giyea number bus a Factor wtiich is a perfect 
Bquotef 
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Note, — To determine if a given nnmber has any feotor 
which is a perfect square, we examine and see if it is divi- 
BJble by either of the perfect squares, 

4, 9, 10, 25, 36, 49, 64, 81, &c.; 

if it is not, we conclude that it docs not contain a Eiclr;t 
which is a perfect sqnare. 



Reduce the foEoii hig radicals to their snnplcst form ; 

Ana. 5a-\/3abe. 

Ans. U^a'd-Zzb. 

Ans. 4a'6*y2ac. 

Ans. lOffi^c". 

Ans. Zla'^b^e'-^/abc. 

Ans. 21d'b'^(?^/abU. 

Ans. IbdWcy/iiiM. 

Ans. lluc^d^y'Ta. 

Ans. l2a*dhn^-\/7ad, 

Ans. lia^b*c^ y/u. 

Ans. ^aWd\'^^, 



2. i/nG^aFa\ 

3. -/aSH^. 

4. v'256a^5V. 

5. -v/l024a56V. 

6. V'739a^FcM. 

7. V&15a'b''d^d. 

8. ^lUba^e^d*. 
0. -/lOOSo^^W. 

10. -v/sioOui^JV. 

11. i/iOacrbhlK 

142. KoTBB,— 1. A coefficient, or a factor of a coeffi- 
cient, may be carried under the radical sign, by sqtiaring it. 
Thus, 

1. Z(e^/bc = ^B^fx be = ^/Sa^Fc. 

•2. Mb-x/d = ly/a^hH = -i/T^Wd, 



oedidi 



or factor be carried under the radical pigti 
a uiigat-i-e quojititj equal f 
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OF EADIOALS. 



8. 4(a+5)v«^5^4v^ 



Yl,f{a~h)^^^/(a?^¥){a.\h•) 



2. Thu square root of a 
amplified; tims, 



■utive ijiuintity may aluo bf 



also 
^26 = 2a v^ X V^i 

that is, the square root of a negative quantity is equal to 
the square root of the same quantity with a positive sign, 
mtUtiplied into the square root of ~ 1. 



Reduce tlie followTng : 
2. i/— I2%a*b\ 



3.-/= 






Ans. &ab^ — 1, 

Ans. SaW■^/2b^/~'^. 

Ans. QaWo^y2ab-/^. 

A?is. iac^ -y/S abc V'^^. 



ADDITION OF KADICAIS. 

1.13. SmiLAE Radicals, of the second degree, are thoso 
in which the quantities under the sign are the same. Thus, 
the radicals 3-\/li, aiid 5c-\/b are similar, and so also are 
9\/2, and 7V2. 

Mi. Ra<lic:i!s are added like other algebraic quantities 
hence, the following 
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EULK. 

L If the radicals are similar, add their coefficients, and 
to the aii/m annex the common radical : 

n. ^ the radicals are not similar, connect them together 
with tlieir proper signs. 

Thus, Za\/h + bc/b = (8a -t 5c)^/b. 
In like manner, 

7v'2a + S■^/2a = {7 + S)i/2a = lOy^. 

Notes. — 1. Two radicals, whicli flo not appear to bo sim- 
ilar at first sight, may become so by transfonnation (Art, 
141.) 
For example, 
-^iBab^ + b\/T5a — iby/Sa + Sb-^Sa = QbT/Sa; 
2^45 4- 3t/~5 — G-t/E + 3-i/5 — 9t/S. 
2, When tlie radicals are not similar, tlie addition or 8ul> 
traction can only be indicated. Tims, in order to add 3 \/b 
to 5 f/a, we write, 

5-/a + Z-^/b. 
Add together the following : 
1. •y/'i.na^ and 




Ans. 'la-s/z. 
Ans. Wa^b's/^. 



Ans. iaW — • 

Ans. (5 + l(ia)i/S. 
Am. ^vP 
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6. V^8a^ and y'sea;^ — 36«^ 

1. ^/m^ and ■y/28Sa'a^. A7is. (7a + 12a%"-)y^ 

8. V^ ^ni^ v^- ■^"^- I*v^ 

9. v'aT and -v/m. Ans. lOy^ 

10.^- and^-. ^'^«. ^Ve: 

11. 2V«^ and 3-\/Tibx'. Ans. (2a + 24a:^)y^ 

12. v'Sis and lO-v/363. ^«s. lioyj. 

13. VaaOfflSja and -v/siSoW. Am. {Bab + 70**3)^5; 

14. v^SoW and v^0«^- -^'^- (Sa=5' + lOa^b^) x/3b. 

BUHTRACTION OF EADICAIS. 

145. Radicals are subtracted like other algebimc qnan- 
aties ; henee, the following 



I. J^ the radicals are similar, svhtraat the coefficient of 
the suil^atiendfrom that of 1M minuend, and to the differ- 
ence annex the common radical: 

n. If the radicals are not similar, indicate the operation 
(^ the minus sign. 

MXAMPLBS. 

1. What is the diiferencc between Za-y/b and oy^P 
Here, Say^ — a-\/b — 2a-\/b. Ans, 
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2. From &a-i/2T¥ subti-act &av'^7b\ 
First, da-y/rib" = 21ab-</i, and &a■^/2W■ — 13a6v^; 
and, 27aby/s — ISab-^/s = Qaby/S. Ans. 

Find the differences between the following : 

3. v^ ^'^^ V^. 
^/lia^b^ and 




/720a^ and yaiswfie^. 

/068a'5' and V^oOa^. ^«fl. 12.ab\/2. 

13. -^/n^w^ and v'28(i^. Ana. 2a*¥^/l. 



MULTIPLICATIOH' OF EADIGALS. 
S^fi. Radicals are ninltiplied like other algeb 
Eitics; hence, we have the follo-™g 



I. Multiply the coefficients together for a new coe^ 
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IT, Multipli/ together the quantities under t/ie radical 
s>.gns : 
m. Then reduce the result to its simplest form. 

1. Multiply Sai/fc by syoS- 

Sa^/bi X 2-/ab =^ 3a, x 2 x y^ X Vab- 

v/hioli, by Art. 139, — 6a\/^ac = ^ahi/ac. 

Multiply the following : 

a. Zy/^T> and i-v/aOa. Ans. \'iXSa'/b 

3. iai/ba and 3a-^/bc. Ans. Qa^be. 

4. 2aVaM^ and —Sa-</W+^. A.~QaHa'+b\) 

5. 2ab\/a + b and ac-^a — b. Ans. 2a^bc-\/aJ' — b\ 



6. 3^2 and 2-/8. 


^«s. 24. 


7. jVf^ and Ai/f^. 


Alts. aV«^V^ 


8. 5k + -v^ and 2a; — ■'/b. 


^ws. 4n;^ - 5 


9. V't + 2-v/6 and -/« — 2-\/B. 


Ans. ^/d' - 45. 


10. 3a->/2W by yaa. 


Ans. 9«3v^ 



DTVISrOW OF EADICALS. 
147. Radical quantitiea are divided like other a 
quantities ; hence, we have the followmg 



I. Divide the coefficimt of the dividend by the • 
of the divisor, for a new coefficient : 
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II. Divide the qiMntities under the radicals, in the s. 
manner : 
TTI . T/ien reduce the result to its simplest form. 



1. Divide Sa\/¥c by ia-i/b^. 

7- = 2, new cocffident. 



' ^/be^ V bc^ V c' c' 
hence, the quotient la 2 X - = ■ 

2. Divide 5a\/h by 25y^. Ans. -ka/-- 

8. Divide 12ac-\/Qbc by 4c-v'26. Ans. Sa^So. 

4. Divide 6av'966* by Sy^. ^ns. 4a6v^ 

6, Divide ia^-y^50¥ by 2a«V5&' -d'**- SJ^y^ 

6. Divide 26t(=5-/81((26^' by 13av^a5. A. 6a''by/ab. 

1. Divide 84a35*v^7ac by 4205^3^- A. Go/'b^T/c. 

8. Divide y'-J-a^ by y^- ^?is. {a. 

9. Divide 6a'*^v^0a^ by 12-v/5tt. Ans. a^b\ 

10. Divide CaVlOJ^ by Z^/5. Ans. lah-^. 

11. Divide 48**V^ l^y 25^-v/^ -i"*- 860J=. 

12. IMvide Sa^S^c^y?^ by ia^/^d. Ans. 2ab*c^d. 
IS. Divide 96rt^c-'yS8S« by 48«?»(;v^. -4. 14a%'. 
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IS. Divile 18«''i'i\/8«* by i&ab-/a^. Ans. 6aW\/2. 

SQTIAR]': llOOI OF POLYNOJIIALS. 

I iS. Before explaming the rule for the extraotiOQ of the 
eqiiai-e root of a polynomial, let us first esamine tbe squai^es 
of several poljTioiaials : we have, 

(a + by = a^ + 2cib + ?>', 

{a + h + cf ^ «^ + 2ab + i^ + 2(« H- b)c + e\ 

{a + b + + df ^ «= + 2ah + 6= + 2(a + J)c + e^ 

+ 2(a + 5 + o)<^ + <P. 
Tho fctwj by which these squares are formed can be eniin 
ctated thus : 

The squa/fe of any polynomial la equal to the square of 
tfhe first term, plus Pwice the product of the first term by tke 
second, plus the aquwi-e of the second; plus twice the first 
two terms multiplied by the third, plus the sqtmre of the 
third ; plus twice the first three terms multiplied by the 
fourth, plus the square of the fourth ; and so on. 

149. Ilenee, to extracl the square root of a polynomial, 
we have the followiug 



I. Arrange the polynomial with reference to one of its 
letters, and extract the square root of the first term: this 
toiS give the first term of fits root : 

148. What ifl the eqiiare of a bmoraial equal to! What is ttie sqaai* 
of a trinomial equal to? To nhat is The square of hjij polcuotnial equal? 

H9. Give tlie rule for estractiiig the equare root of a polynomial? 
Wlmt is the first Biepf UT it the second F Wli:ii the tliiril ? Wiiat the 
foiirth 1 
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H. Divide the second term of the polynorr,ial Tyy d&iible 
the first term of the root, and tlie quotient wiU be th^ second 
term of the root : 

DX Then form the square of the algebraic sum of the 
two terms of the root found, and subtract it from the frat 
ftolynomial, and then divide the first term of ths re!maind<^ 
fty double the first term of tlie root, and the quotient wiU 
the third term : 

IV. Form, the douhU product of the sum of the first 
second terms by the third, and add the square of the third , 
then subtract this result from the last remahider, and divide 
the first term of the residt so obtained, by double the first 
term of the root, and the quotient wiU be the fourth term. 
Then proceed in a similar manner to find the oUier terms. 



1, Extract the square root of the polynonii.a!, 
First arrange it with reference to the letter a. 



25a'- 


- 30a'5 + 9f ^^ 




\ lOffl^ 




ma^¥ 


— liab^ + 166' 

- 2Ui¥ + ).Q¥ 


. , \8t Rem. 



After having arranged the poljuomial with reference to 
a, extract the square root of 25a' ; this gives Ba^, which 
ia placed at the right of the polynomial : then divide the 
second term, — 30«'5, by the double of 5a\ or lOa^; 
the qnotient is — Zab, which is placed at the right of rHi\ 
Htince, the first two terms of the root are 5rt= — 3a5. 
Squaring this binomial, it becomea 25a* — Z(ia% + Qa?b\ 
which, subti-a«ted from the proposed polynomial, gives a 
rcmiunder, of which the first tenti is if^a'^b\ Dividing this 
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first term by lOa , (the double of 5a^), the quotient ia 
-r 46^ ; tills is the third term of the root, and ia written oq 
the right of the first two terms. By formmg the double 
product of 5«= — Sab by 4:b\ sqimiing 46^ and taking 
the sum, we lind the poiyaomial 40a^i* — 24oi^ + 16i', 
which, fiubti-aeted from the first remainder, givca 0. There- 
tore aa^ — 3ab + 4b^ ia the requh-ed root. 

2. Find the aqoare root of «*+ ia'x-hdaV+iaa:^ + »"• 

Ans. (i°+ 2ax + 0!*. 

8. Find the square root of a*— ia^x+M'sfi— iag^+ x*. 

Arts, a"^ — lax + xK 

4. Find the square root of 

4x^ + 123;' + 5^ — 2x^ 4- W — 2a; + 1. 

An-^. 2x^ + Sx'^ — X + 1. 

5. Find the square root of 

9m' - Via^b + SSa^Js _ iGrtJS + 105\ 

Aw. 3a3 _ 2ab + 45». 

6. What is the square root of 

ar* — icx^ + iit^x' — 4a;2 -^, 8«k + 4 ? 

.■Ar.s. 'J? — 2aa; — 2. 

7. What is the square root of 

9x^ — 12x + ax^ + y' — 4y + i? 

Aiis. ^x f y — 2, 

8. What is the square root of y* — 2y^x^ + 'ix^ — 2y* 
-f 1 -\. x'f Ans. 1/^ ~ «* — 1, 

9. What is the square root of Qa^b' — 30«^^+ 25a=5=? 

Ans. 3a''b^ — 5ah, 
10. Find the square root of 
2ha*b^ — ViaWo -r 76a^5^c= — 48ff5^c^ f 3(ji=e* — 80ra*5c 
4- 24<(%' — 36a'5e3 + !)«*c^. 
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H50. W J will conclude this subject -with the foUowing 
remarks : 

Ist. A "binomial can never be a perfect square, since we 
know that tlie s£[iiare of the most ample polynomial, vis^ 
a binomial, contfuiis three distinct parts, which canoot ex 
perience any reduction amongst tbemselves. Thus, tlie 
esprcasion a' ■\- b"^, Is not a perfect sqaare; it wants tho 
term ± 2ab, in order that it should be the square of « ± 5. 

2d. In order that a tiinomia!, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of tho two others. Therefore, to obtaui the square 
root of a trinomial when it is a perfect squai'e : Extract tJie 
roots of the ttoo extreme terms, and give these roots the same 
or contrary signs, according as the middle temt is positive 
or negative. To verify it, see if the double product of the 
two roots is the saane as the middle term, of the trinomiat. 
Thus, 

0a^ — 48(j'6^ + 64a*5% is a perfect square, 

since, ■/^^ - 3a=, and y'64<t^6* - — Sah^ ; 
and also, 

2 X 3a^ X — 8a5^ = — 48ia'52 = the middle term. 

But, 4a" + 14<»5 + 96^ is not a pei'fect square ; for, 
although 4ce' and + fli' aj-e the sqtiai'es of 2« and !i6, 
yet 2 X 2a X 35 is not equal to liab. 

3d, In the series of operations required by the genera] 
rule, when the first term of one of thg remainders is not 
exiictly divisible by twice the first term of the root, M'e may 

160, Can a binomial ever bo a porfeet powec? Why not? Wheiiis 
li trfBOmial a perfect Bquare f When, IQ eilractiug the equiiro root, wc 
End that the first term of the remainder ia uol dirisibJe by twice tho root, 
is the poljnomial a perfect power or not? 
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conclude that the proposed polynomial is not a. perfect 
aqiiave. This is an evideDt consequence of the course o£ 
rea,soni;ig by which we have arrived at the genera! rule for 
extracting the square root, 

4th, When the polynomial is lot a perfect square, it may 
sometimes be simplified (See Art. 133). 

Tafee, for example, the expression, y'tPb + 4o;^5^ + icd)^ 

The quantity ander the radical is not a perfect square ; 
but it can be put «nder the form ab{a^ + iub + 45^,) 
Now, the factor within the parenthesis is evidently the 
square of a + 25, whence, we may conclude that, 



•/'('fi -f 4rt2i2 + 4a63 = (a + 26) -y/alf. 

2, Redace ■y'So^ — 4«A^ -j- 2b^ to its simplest form, 
Ati^. (« — 5) VSa 



by Google 



ELBMENTAKY 



OP THE SECOND DEQEBB, 



EQUATIOXS CONTAINING on; 

851. An Equation of the second degree cont^ing but 
one imknowu quantity, is one in which the greatest exponent 
is equal to 2. Thus, 

a^ = a, ax' + ix — c, 
are equations of the second degree. 

!3S. Let U8 see to what form eveiy equation of the 
eecond degree may be reduced. 

Take any equation of the se^iond degree, as. 

Clearing of fractions, iind performing indicated operations, 
we have, 

4. + SiB + 43i3 — 3ic — 40 = 20 — a; + 2ic'. 
TranspoMug the unknown terms to the fii-st member, the 
known terms to the second, and arranging with reference lo 
the powers of x, we have, 

4x^ — 2x^ + 8x - 3x + IB = 20 + 40 - 4 ; 
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and, by reducing, 

2k= + 6« = 56 ; 

dividing hy tlie coefiicjeiit of x^, wu iisve, 

a;^ + 3a; ^ 2S 

If we denote the coeiRdent of x by 1p, ami the secojid 
meml>er by q, we have, 

x^ + 2/«5 = J. 

Tiiis is called the reduced equatio/i. 

I5S. When the reduced eqiiatiou is of this form, it oon- 
tains three terma, and is called a compkte equation. The 
tenns are, 

FiiiST Tekm. — Tlie second power of the unknown qiiriii. 
tity, with a plus sign. 

Second Term. — The first power of the unknown quantity, 
with a coeflieient. 

Third Tkeii. — A knoini term, in the second member. 

Every equation of the second degree may be reduced to 
this tbrm, by the following 



I. Clear the e^^ation of fractions, and perform all tlio 
indicated operations : 

n. Trartspofie all theunhnoton terms to the first member^ 
and all the known terms to the second member: 

IBS. How many terms are thero in a complete equation ? TVTiat I9 thu 
Qret term f What is tbe second term ? What is the third termt Bow 
ouuiy operations aro there in reducing an eqnatioD of the eeeond degree 
to the required form ? What ia the fimt f What the second ? What the 
tliirti ? What the fourth ? 
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HI. Hedtice aU the terma containing the sq^icvre of the 
unimown quantity to a single term, one factor of which is 
the square of the unknown quantity / reduce, also, all t/is 
t&'ms containing the first power of the unknown quantity, 
to a single term ; 

rV. Ifivide both membera of the resulting equatio^i h; 
the coe^cient of the square of the unknown quantity. 

134. A Root of an equation la such a valoo of the tin. 
knoivn quantity as, being substituted for it, will satisfy tbe 
eqiiatioB ; that is, malie the two members equal. 

Tbe Solution of an eqxiation is the operation of finding 
its roots. 

rsCOMPLETB EQUATIOXS, 

B53. It may hapj^en, that 2p, the eoeiKoient of the fii'st 
power of X, in the eqaatiou x -\- 2px = q, is equal to 0, 
In this case, the first power of x will disappear, and the 
eqnation will take the form, 

it'= ? (1-) 

This is called an incomplete equation ; hence, 

Ajt incomplete equation, when reduced, contains but 
two terms ; the squai'e of the unknown quantity, and a 
known tenii. 

l.'Sfl. Extracting the square root of both members of 
Equation ( 1 ), we have, 

a' - ±Vg- 

164. Wbat is the root of an ecjuation ? What ia the EOlution of ^n 
oqnBtiOQ ? 

155. What fonn will the reduced equatloQ talie when the coclBcient Ol 
>! ia f What is tbe equayoa then called P Dow macy terms are there 
lu an incomplete equation ? What are ihejT 

15S. What ia the rule for the Bolutioa of an incomplete equation? 
How niiiJiy nots ftre there in eTCry ineomplon? cqvatiou? How uo the 
roots compait- with eai'h oiher? 
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Hence, for the solution of mcomplete eqnations: 



e e'piation to the form a;' = 5 .■ 
II Then extract ihe sqvm-c root of both members. 

Note, — ^There will be two roots, numericaUy equal, biit 
having contrary signs. Denoting tl;e first by x', and the 
second by x", we have, 

x' = + V?, and x" = - -/q. 

TEniFICATION. 

yubstituting +vV> or — V^, for iC, m li!qun,tioti (1), 

(+v^)= - ?; and, {-V?f - <?; 

lience, both satisfy the equation ; they are, therefore, roots 
?Art. 154.) 

EXAMPLES. 

1. What are the vahies of x in the equation, 

3a;' + 8 = 5a;2 - 10? 
By transposing, Sa:^ — 5k' — —10 — 8, 
Reducing, - 2a;' — — \^. 

Dinding by — 2, x' ^ 9. 

Extracting square root, x — ± -y/O = + a and — a. 
Hence, x' = +3, and x" = — 3. 

2. What are the roots of the equation, 

33:2+6 — 4x' — 10? 
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. What are the roots of the equation, 

'X^ — 8 — — + 10? 
3 9 ^ 

Ans. «' = +9, 3!" — - 
. What are the roots of the ei|iiation, 
4x^ + 13 — 2a? ^ 45 ? 

Ans. k' = +4, x" = - 
, Wtat ai'e the roots of the eqiLalion, 
6ic^ — 7 ^ 3a--= + S ? 

Ans. x' ~ +2, at" — - 
. What are the roots of the cqiiatiou, 

8 + 5a? = I + 4o:^ + 28 ? 

Ans. x' ~ +5, x" — - 
. Wliat are the roots of the equation, 

3 3 

A?is. x' = + 5, x" := - 

, What are the roots of tlie equation, 
x' + afi — 5x' ? 
vl«s. x'= + i^b, s" ^ - iv 
' What are the roots of the equation, 
x^/a + k5 t= b + x'? 
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PKOELEMS. 



1. What niiniber is that which being multiplied by iteeif 
the product will be 144 ? 

Let X ^ ttie number; then. 



It is plain that the value of sc will be found by eKtraoting 
the square root of both members of the equation : that is, 

Y^— y^: that is, x = 12. 

2, A pei'soo being asked how much money he had, mid, 
if the number of dollars be squared and 6 be added, the smii 
will be 42 : how much had he ? 

Let X — the number of dollao-a. 

Then, by the conditions, 

x^ + 6 = 42 ; 
hetice, 3^ — 42 " ti = 3t5, 

and, X — G. Ans. $8. 

3, A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multi])lied by 7, the product will be 15V5. How many 
pounds had he sold ? 

Denote the number of pounds by x. Tlien, by the uon- 
ditions of the question, 

7a!* = 1575 ; 
hence, ai' = 225, 

and, ic = 15. Ana. 16. 

4, A |>ersoT) ficiiig aslted \\w age, eaid, if from the squaiv 
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of my age in years, you take 192 years, the remainder will 
be the square of half my age : what was his age ? 

Denote the number of years in bis age by x. 

Then, by tlie conditions of the question, 

av*— 192 = (^» r ^ T' 



and Dy clear] 


ing tlie fi'aetions, 




Ax" - 7(. 


hence^ 


Ax^~- 


and. 


3 



x^ ■= 25(5 

X = 16 Ana. 19 years. 

6, What number \s that whose eightn part multiplied by 
its fifth part and the product divided by 4, ■Rill ^ve a quo- 
tient equal to 40 ? 

Let X ■= the number. 

By the conditions of the question, 

henoe, So = *° ' 

by dealing of fractions, 

a? ^. 6400, 

X — 80. Ans. Si). 

6. Find a oumlier such that one-third of it multiiilied by 
one fouiti) shall he equal to 108. Ans. 30. 

7. What number is that whose wxth part multiplied by 
its fifth part and the product divided by ten, will give fi 
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8. Wbat number w that whoso square, plus 18, will be 
eqnal to halt' the square, plus 30^ ? Ans. 5. 

9. Wliat numbera are those which are to each other as 
} to 2, and the difference of whose squares is equal to 76 ? 

JjCt X = the less number. 
Tl.PT", 2a! — the greater, 

llieu, by the conditions of the question, 

ix^ - x? ^ 15 ; 

honoe, Sx^ — 15, 

and by dividing by 3, x^ — 25, and k =: 6, 

find, 2a! — 10. 

Ans. 5 and 10 

10. What two numbers are those which are to each otbei 
ae 6 to 6, and the difference of whose squares is 44 ? 

Let X — the greater ntimber. 



Then, -a! — the less. 








By the conditions of the prohler 










44; 






!>y cloaring of fractions, 








3Ga:' — 253;= = 


1.5S4 ; 






heuce, l\x^ ^ 


1584, 






and, a;' ^ 


144 ; 






honce, X = 


12, 






qnd, -X = 


10. 










Ans 


. 10 aisfi I: 
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11. W hat two numbers are those wMch are to each other 
ah 3 to 4, and the difference of whose aquai'es is 28 ? 

Ans. 6 and 8. 

12. "What two numbers are those which are to each other 
as 5 to U, and the sum of whose squares is 584? 

Ans. 10 anil 22, 

13. A says to _B, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing theii' ages is 240 ; what were their ages ? 

I Eldest, 16, 
[ Younger, 4, 

Tioo urJcnown '/uantities. 
137. When there are two or more unknown quantities; 

I. Miminate one of the unknown quantities by Art. 
113; 
n. Then extract the square root of both members of tits 



PEOBLEJiS. 

1. There is a room of such dimenwons, that the difference 
of the ddes multiplied by the le&s, is equal to 36, and the 
product of the sides is equal to S60 : what are the siiles ? 

Let a; — the length of the less aide ; 

y — the length of the greater. 
Then, by the first condition, 

{y-x)^ = 36; 
and by the 2d, xy = 360. 

151. How do 700 proceed when Ihere arc two or more uohnown qiian' 



by Google 



From the firet equation, we have, 

xtj — ^'- = 36 ; 

and by subtraction, a;^ = 32-t. 

Hence, x = -v/32i = 18; 

v — — - = 2t). 
^ 18 

Ans. a; = 18, i^ — 20. 

2. A morehant sells two pieces of muslin, wliieh together 
measure 12 yards. He received for each piiice just so many 
doDars per yard as the piece centred yards. Now, he gets 
four times as much for one piece as for the other : bow many 
yai'ds in each piece ? 

Let X = the number of yards in the lai'ge:" piece ; 
y = the number of yards in the shorter piece. 
Then, by the conditions of the question, 
x + t/ = 12. 
X X X = x^ t= what he got for the larger piece; 
y X y ^ y' =1 what he got for the shorter; 
and, x"^ = 4y^, by the 2d condition, 

X = 2)/, by extracting the square root. 
Substituting tliia value of x in the first equation, we bavc, 
y + 2y = 12 ; 
and, consequently, y ~ i, 

and, a: = 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
the quotient of the greater by the less, 3^? Ans, 10 and 3, 

i. The product of two numbers is a, and then- qiiotlent 

6: what are tlie numbers? ^ ^T 

Ans. V^. .uid v/ . 
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5. The flnm of the squares of two nniuhere ia 117, and the 
difference of their squares 45 : what are the mmibers? 

Ans. and 6, 

6. The sum of the eqaares of two numbers is a, and tho 
difference of their squai-es is b : what are the mimbers ? 



'I. Wliat two unmbers are those wliich are to each other 
as 3 to 4, aiid the sum of wbose squares is 225 ? 

Ans. 9 and 1 3 

R. What two numbers are those which are to each other 
as m to n, and the suia of whose squares is equal to a^ ? 



9. What two numbers are those which are to each other 
a« 1 to 2, and tho difference of whose squares is 75 ? 

Ans. 5 and 10, 

10. What two numbers are tliose which are to each other 
[IS Ml to M, and the diiference of whose scjuarea ia equal to 6= ? 

Am "'^ ?!& 

V^' - "^ ' -v^' - "'^ 

11. A certain sura of money is placed at interest for six 
months, at 8 per cent, per annum. Now, if the sum put at 
interest be multiplied by the number expressing the interest, 
the product wiD be 1562500 : what ia the pilncipal at m- 
terest? Ans. $3750. 

1 2. A person distributes a sum ot money between a num- 
ber ol women and boys. The number of women is to the 
number of boy^ as 3 to 4. Now, the boys reoeive one-half 
as many dollars as there are persons, and the women, tinee 
ae'maiiy dollars ae there are boys, and together they receive 
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138 dollars : liow many women 'were there, and how many 
boys? 

. i 36 women. 
Ans. i 

( 48 boys. 

COMPLETE EQCATIOSS. 

l.'SS The reduced foi-m of the ooniplete e'juation (Ait. 
153) i,, 

X^ + ^px — q. 

Comparing the first member of this fqiiation ■with the 
Fquare of a binomial (Art. 54), we see that it needs but the 
Bquiire of half tlie coefficient of x, to make it a perfect square, 
Addmg p'' to both membera (Ax. 1, Art. 102), we have, 

x^ + 2px + p^ = q + p". 

Then, exti-actmg the Equare root of both memhcrs (Ax. 5), 

x + p = ± ^/q~+^. 

Transposing p to the secowd member, ive have, 

X = ~ p ± V'g + p\ 

Hence, there are two roota, one corresponding to the plus 
sign of the radical, and the other to the minus sign. De- 
noting these roots by x' and x", we have, 

a^ = — p + y' J + p^, and x" = —p— -i/i~T p'^. 
The root denoted by a/ is caUed the Jlrst root ; that de- 
Eoted by x" is called the second root. 

158. What h the form of the n^iJiieed eqii»tion of the soeonil lipgree ? 
What i8 the aqnare ot the binomial x + p? How manj of tlioaa teruw 
are found in the Erst term of the rediieei} equation? Wbat must he 
added to make the first member a perfect eqnare S How many. roots are 
there in every cfiiialion of the first degree ! Whil is [he first root cqiiiU 
to ? What is the st^cond equal to ? 
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159. The operation of squaring half the coefficient of 
X and aflding the result to both memTjera of the equation, 19 
called Computing the Sqixare. For the aolution of evei-y 
complete equation of the second degree, we have the fol- 
lowing 

RULE. 

I, Heduce the equation to the form, a? + 2px = q: 
IL Tali:e lialf tfis coefficient of the seoond term, square 

it, and add the result to both members of the equation: 
in. Then extract the square root of both members ; after 

which, transpose the known term to the second member. 

Note. — Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he ahould be able, in all cases, to write the roota iuimediateiy, 
by the following (See Art. 158) 

atFLE. 

I. The first root is equal to Itaif the coefficient of the 
second term of the reduced equation, taken vdth a contrary 
sign, plus the square root of the second member increased 
by the square of half the coeffcient of t/te second term : 

n. The second root is equal to half the coefficient of the 
second term of the reduced equation, taken with a contrary 
sign, tninViS the square root of the second member increased 
by the square of half the coeffcient of ths second term. 

IGO. We will now show that the complete equation of 

159, What is Ihe operation of completing the square? How manj 
operations are there in the solution of ereij equation of the secoail de. 
greeS What ia the flret ? What the eecondf What the third ? Giva 
the rule for writing the roots without completing the square? 

150. How many forma will the complete equation of the second degree 
iBaiiiupf Oq B-hat n-ill these forms depend? What arc the aigua of 2j: 
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the eeoond degree will take four I'onns, depeiitlent on the 
signs of 2p and q. 

lat. Let na suppose 1p to be positive, and q positive; we 
shal! then li.ave, 

'£■ Ar IV^ = q (1.) 

2d. Let us snppose 1'p to be negative, and q positive 
we shall then have, 

^^' — 1p^ — q (2.) 

3d. Let us suppose 'ip to be positii'e, and <i negative; 
we shall thea have, 

a!=4-2^ - -?. ... (3.) 
tth. Let us suppose ip to be negative, and q negative ; 
wc shall then have, 

s? — Ipjx = — q. ... (4.) 

As these are all the combinations of signs that can take 
plar« between 2p and y, we conclude that eveiy complete 
equation of the second degree wpl be reduced to one or the 
other of these four fomia : 



2px ^ -\-q. 


, . 1st form. 


2px = +q, 


, . 2d form. 


2px = ~g. 


. . 3d form. 


2px ^ -<t, 


, . 4th form. 



B3jiMPI.ES Off THE PJEST FORM. 

Tiat ai-e the values of x in the equation, 

2x^ + 8x = 64 ? 
e first divide by the coefficient 2, wo obtain 
x^ + ix == 32. 
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Then, completing tlie square, 

ai^+ ix + i ^ 32 + 4 = 3S. 
Extracting tlio root, 

X + 2 = ± V ae - + 6, and — 6. 

Iltmce, x' ~ — 2 + 6 — +4; 

and, x" = — 2 — t> = — 8. 

Hence, m tiiia form, the smaller root, nuraerically, is positive 
and the laiger negative. 



If we take the positive valnc, viz. ; k' = +4, 
the equation, x^ + Ax — 32, 

gives 4' + 4 X 4 ^ 32 ; 

aiid if we talse the negative value of x, viz. : x" ^ — 8, 
the equation, x^ -\- <ix = 32, 

gives (- 8)« + 4(— 8) ^ 64 - 32 n^ 32 ; 

from which we see that cither of the values of «, viz.! 
x' = +4, or x" = — 8, will satisfy the equatiou, 

2. What are the values of !C in the equation, 

3x^ + 12a! - 19 ^ — a;2 — 12ic + 39? 
By transposing the tei'ma, we have, 

3a;2 + x^ + \2x + 12x = 80 + 19 ; 
and hy reducing, 

ix? + 243! = 108; 
fuid dividing by the coefficient of x^, 

x^ + lix = 27. 
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How, by completing the square, 

x^ + Qx + Q ~ 36 ; 
extracting the square root, 

a: + S :^ ± -v/30 ^ + 6, and - flj 
hence, x' — +6 — 3 ^ +3; 

and, m" — — 6 ~ S - ~- 9. 

vnr.iFicATioy. 
If we take the ]ilus root, the equation, 
a;^ + Ga: == 27, 
gives {3)=+ 0(3) ^ 27;" 

and for tiie negative root, 

o;3 + 6a: ^ 27, 
gives (- 9)= + C(- 9) ~ 81 - 54 r^ 27, 

3. "Wiiat are the viilues of a; iu tlic equation, 

K^ — TOic + 15 - ^ — Mx + 155 ? 
By cleaving of ii-actioiis, we Lave, 

5«2 — 50a; + 75 — x^ — llOx + 775; 
by transposing and reducing, we obtain, 
4a;2 + 120a; ^ 700; 
then, (dividing by the coefficient of x'; we bavej 

x^ + SOk ^ 175; 
and by completing the square, 

w= + SOk f 225 — 400 ; 
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find Ijy extracting the square root, 

K + 15 = ±-v/400 ^ + 20, and - 20, 
Hence, a;' — +5, and x" = — 35. 

VERIFICATION, 

Foi- tlie plus valuG of x, the equation, 
x" + 30a; = 175, 
gives, (5)2 -f 30 X 5 = 25 + 150 ~ 1V6. 

Anil for the negative value of x, wo liavo, 

(_ 35)2 ^ 3o{— 35) — 1225 — 1050 =-_ 175. 

4, What are the values of x in the equation, 

^ , 1.3 „ 2 , , 273„ 

Cleai'iiig of fractions, ive have, 

IGK^ _ 6a: + 9 = 96 - Sa: - 12x'^ + 2V3 ; 
transposing and reducing, 

22ic2 + Sic = 360 ; 
dividing both luenibGra by 22, 

2 2 _ 360 
'^ 22^ "" "2^' 

Add { rr ) to both members, and the equation becomes, 

^ 22 ^ ^2^ 22 ^ \22/' 

whence, by extracting tiie square root, 



1 , /3G0 ^ / 1 V 

Hnjtcd by Google 



therefore, 

] Mm' rr \ 

1 to pei-1'orra the nainei'ical oper 
3G0 . / 1 ^^ 



lii'st place, 



mast "be reduoci^ to a single number, h;iving (22)^ for ita 
deoomiuator. Now, 

360/1 \' SGO X 22 4- I T021 



23 ^22/ (22)= (22)*' 

extracting tht? square root of 7921, we find it to 1 
therefore, 



mo / \ Y 69 

^Visr + (55) = ±22- 

Consequently, the plus value of a; is, 

, _ _ 1 89 _ 88 _ 
^ " 2222~22^ ' 
and tiie negative value ii^, 



that is, one of the two values of x which wiU satisfy the 
proposed equation is a positive whole number, and the other 
3. negative fraction. 

Note. — Let the pupil be exercised in uTiling the roots, in 
the last five, and in the following examples, witlwut com- 
phting the square. 
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5. Wliat are the values of a; in the equation, 
3a;' + 2a; — 9 - 70 ¥ 



6 What are the values of a; in the eqiiatiou, 
2a!2 + 8a; + 7 = ^ — ^ + 19V? 

Ia!"= — n,^, 

7. What are the values of tc in the equatioDj 
^ - ? -( 15 = - - 8a; + 9o| ? 

8. Wliat are the values of a; in tlie equation, 
^ 5d; 









■ ( x"^ . 


- n. 


9. Wlial ar 


u the vahu 


^sof a: 


m the (jqnatiou, 






?-!^ 


"" 5 ~ 


a; 13 
10 "•" £0 


1. 

- 2!. 



EXAIIPLKS OF THE SECOND FOllM. 

1, What ai-e the viiluea of k in the equation, 
a:' — 8a; + 10 = 19? 
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COMTLBTE EQUATIOKB. 217 

By trangposmg, 

a^ - Sk = 19 — 10 = S; 
then, by completing tho square, 

x^— 8x+ 16 =z 9 + 16 = 25 ; 
and by extracting the root, 

X — i ~ ± t/25 ^ + 5, or — 5. 
Hence, 

a' = 4 4- 5 = 9, anil x" = 4 — 5 =. — 1. 
Tliat is, in this fonn, the larger root, numerically, ie 
positive, and the lesser negative. 

VERIFICATION, 

If we take the positive value of x, the eqaation, 
i^—Sx^% gives [py — 8X9 = 81 — 72 = 9; 
and if Tve take tlie negative value, the equation, 
a^ -■ Bx ^ 9, gives {- l)^- 8 (- 1) = 1 + 8 = 9; 
from which we see that both roots ahke satisfy the equo- 

2. What are the vaUies of x in the equation, 

By clearing effractions, we have, 

631= + 4a! — 180 — 3a;= + 12a; — 117 , 
and hy transposing and reducing, 

331= — 8a! = 3 ; 
and dividing by the coefficient of tc^, we ohtm, 

10 3 
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TheUj by conipleiing the aijuare, we have, 

aud by extracting the square root, 

4 , /25 6.5 
X 1= + \ / — ■ = A — . and 



VERIFICATION. 

For the positive root of x, the eqitation, 
8 

gives 3^ — "X3 = 9 — 8 = 1 

and for the negative root, the equation, 

s™ (- s) - 5 X - 3 = 9 + 5 = '• 

3. What are the values of aj in the equation, 

Clearing of fractions, and dividing by the coefficient of 
a?, we have, 
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Completing the square, we have, 

3 9 * ^ 9 38 ' 

t'sen, by estrauliug the square root, we Lave, 

■ J ,'*' , ' A ' 

"-3= ±V56 = +0- ""■ -6' 

• = 3- + 6 = 6 = '■• -'^ " = 3 - 6 = 

VERIFICATION. 

If we take the positive root of is, the equation, 

gives (H)'- j X IS = 2i- 1 = IJi 

and for the negative root, the equation, 

«.-?. = IS, 



gives 



(-!)■- 



25 10 _ 45 
^ 3Q "^ 18 ■^ 36 ' 



4. What are the values of x in the equation, 

4a^ - 2x' + 2ax = ISab - 166=? 

By transposing, chajiging tlie signs, and dividing by 2, 
ihe equation becomes, 

a? ~ ax = 2a^ ~ 9«5 -\ 96= ; 
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whence, oompletuig the square, 
extracting tlie sqiisire root, 

" = I ± \M- -" + «*■• 

Now, the square root of — - — ^ab + 95^, "is evidently 
^■^ — Zb. TJiercforo, 

What will be the nuiaerical values of a^ if we suppose 
(i - G, and b = 1? 

5. Wtat aro the values of x in the equation, 

1 4 

-X — 4 — nfi + 2a: — ~x^ = 45 — 33;'! + 43: ? 

. \x' — '7.12 [to within 
'**■ (a;" = -5.73 ) 0.01. 

6. "What are tlie values of so in the equation, 

Sx^ — 1435 + 10 = 2a; + 34? 

Ans. -j „ ~ "' , 

1. ^Tiat are the values of a; in the equation, 
^ 30 + ic = 2o: - 22 ? 



, What are the values of ic in the equation, 
a;« - 3a: + ^ = 8a; + 13J ? 
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S. WLat ai'e the values of a; in the equation, 
Goa; — x'- = — lab — b^? 



Ans. \ „ _ _ X 



10. Wtat are tlie values of x in the equation, 
a^ + b^— 2bx + 3^ = ^^ ? 



x" = ■ ^ " J bn - ^/a^r^ + bHr^ — a^wA 



EXJUUPLES OF THE TUIKD FORM. 

1. Wiiat are tte values of v. in llie equation, 

ic^ + 4a! ~ — 3 ? 
First, by completing tlie square, we have, 

3:^ 4- 4a; + 4- -3 + 4-1; 
and ]jy extiaeting tlie sqimve root, 

« + 2 - ±-v/i :^ +1, antl ~ 1 ; 
hence, «'= — 2 + l~ — 1; and a;" — — '2 ~ 1 = —.3 
Tliat is, in this form both the roots ai-e negative. 

VERIFICATION, 

If Tire take the first negative value, the equation, 

3!= + 4lK = — 3, 
gives {- 1)3+ :!(_ 1) = 1 _ 4 = - 8; 

and hy takriig the second vakie, the equation, 

ic' + :1a: = — 3, 
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givM (- 3)= +4( - 3) ^ 9 - 13 ^ - 3 ; 

hence, both T.alues of x satisty tho given eqiiatioii, 

2. Wliat are the values of » in the efjuatior., 

_ E. _ 5a; _ 16 = 12 + ^= + 6a;? 

By transposing and reducing, we have, 
— ic^ — llic ^ 28; 
then, dividing by — 1, the coefficient of x', we have, 

x^ +113!:^ - 28; 
then, by completing the square, 

K^ + Ux + S0.25 = 2.25; 
hence, x + b.5 - ±-/2.25 = + 1.5, and — 1.5; 
consoqnontly, x' ~ — 4, and x" = — 7. 

3. What are the values of x In the equation, 

a;2 1 

— -^ — 2x - S = --ic5+5»4-5? 

Ans. I ^', = 2 J 

i. What are the values of a; in the equation, 

2k= + Sx = — 2| - -a;? 

Ans. \ ,, ~ '■ 
Ix" = - - 4 

5. What are the values of a; in tho equation, 
ix^ +%i + 3x = ~ lix - a^ - 4a;=? 

Ans. ] „ ~ *' 
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6. What are the values of a! in the equation, 

— jB= — 4--»! = — +24* + 2? 

7. What are the values of a; in the equation, 

^' + Ta; + 20 = — %i^ — Ux — 60? 

ix" = — 10. 

8. Wliat ai'e the values of tc in the equation, 

9. Wliat are the values of k in the equation, 

10. What are the values of a; in the equation, 

K — K^—a =:63:+lV 

.4ms, \ ,~ 

( £C" = — 4. 

11. What are the values of a in the equation, 

a-3 + 4a! — 90 = — 93 ? 

Ans. \ II Zi ~- 'i 

EXAMPLES OB' THE FOUETII FOKK. 

1. What aje the Tslueh of a; in the equation, 
x' - Sx = - 7 ? 
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By conipicting the square, we have, 

x^ - 8x + -i& = - r + 16 = 9 
then, by extracting tbe Sfjuaro root, 

a; — 4 1= ± 1/9 = + 3, and — 3 ; 
hence, x' = +7, and 9:" = + 1. 

That is, in this form, both the roots are positive. 

YERTFICATION. 

It' we take the greater root, the equation, 
x'^ — 8x = —1, gives, 7= - 8 X 7 = 49 — 56 ;= - 7j 
and for the lesser, the equation, 

x^ — Sx = — 1, gives, i^ — 8x1 — 1 — 8= -7 
bonce, both of the roots will satisfy the equation. 
2. ^\^lat nro the values of x in the equation, 

— l\x^ + 30! — 10 — l|a;' — IQ^ H ? 

By clearing of fractiims, wc have, 

— 3^ + Oa! — 20 ^ 3a!^ - 363; + 40 ; 
then, by collecting the similar terms, 

- 6!K^ + 42a; =. 60; 
tJien, by dividing by the coefScicnC of a^*, which ie — S, 

x^ — 1x ^ — 10. 
By completing the square, "wo have, 

x^-1^ k- 12.25 z= 2.25, 



by Google 



COMPLETE EQUATIONS. 235 

and by extracting the square root of both members, 
X - 3.5 = ±^/2^ = + 1.5, and — 1.5; 

x' — 3.5 + 1.5 — 5, and x" = 8.5 — 1.5 = 2. 



If we take the gfeater root, the eqtiation. 
31= — 7ai - - !0, gives, 5= — 7 X 5 ^ 25 ~ .15 = — 10; 
and if we take the lesser root, tho equation, 
3^--1x — — 10, gives, 2= — 7 X 2 — 4 — 14 - — 10. 

3, What are the values of x in tho equation, 

— 3a: + 2^2 _^ 1 — llix — 2x^ - 3? 
By ti'anspo sing 'and collecting the terras, we have, 
ix' — 20iic = — 4 ; 
then dividing by the coefficient of x^, we have, 

K^ — 5J05 = - 1. 

By completing the square, wo obtain, 

a: ~ 6« + -^5 - + "25 ~ "SF ' 

and by extracting the root, 

fUi 12 , 12 

x^-'2i= ±.^-^-- = +--,and--; 

hence, 

.' ^ 3J + -■ ^ 5, and, X" =2i- ^- = ^. 

VERIFICATION. 

If we take tho greater root, the equation, 
x* — 5|3i — , — 1, givea, 5^ — 5i X 5 — 25 ~ 26 - - 1 5 
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and if wo take the leaser root, tlie equation, 
!>f -5^x^-1. gives, Qj _ sj X g = ^ - ?^ . 
4. What are tlie values of x in the equation, 



] . 



1 



I 



5. WTiat are the valuea of x 



a tlie equation. 
- 5a!' + 8* ? 



6. "ttHiat avo the vcthtes of x in the equation, 

1, What are (he values of x in the equation, 
x' - lQj\x - - 1 ? 

A7l 

8, What arc flio vnhies of x in the oquatii 

1 7a:= 2x^ 

- 27x -i —— + too ^ ~ + 12« 

Ans. 

9, What are the values of x in the equation, 

^ - Q2iK + 15 = _ -^ + 28a; - ; 
Ans. 
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10. What are the values of a m the equation, 

2a!« — 30a: + 3 = — 3!^+ St^a; - ^ ? 

. J «' =: n, 
Ans. i „ _ J 

PEOFBETIES OF EQUATIONS OF THE SECOND DEGKEP:; 



IGl. We have seen (Art. 153), that every complete 
eqitatioTi of the second degree may be reduced to the foriti, 

a? -\'1'^. = q (1.) 

Oompletiiig the square, we have, 

■^ -\- Ijm -\- p^ — q +p'\ 
ti'aasposmg q + p^ to the first member, 

a!^ + 2pic + p* — (j + /)^) = 0. . (2.) 
Now, since a;^ + 2px + jo* is tho square oi x + p, and 
g + ^j2 the square of i/5~+ PS ^^ ™^y regard the first 
member as the difference between two squares. Factoring, 
(Art. 56), we have, 

ix-V p -\- V~q + p') {x + p - y/q + p") z^ 0. . ( 3.) 
This equation can be satisfied only in two ways : 
1st. By attributing such a value to x as shall render the 

first fector equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced f What form will this equstiou take after completing the square 
and itauspoaitig to the first mcniberf After feotoring? In how many 
ways may Equation ( 8 ) be Batisfitd ? What are they f How many roots 
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2d. By attributing siicli a value to v. as shall render the 
second factor equal to 0. 

Placing the second factor equal to 0, we have, 
H +^— Vff-Fp^ = 0; and x' = —p-\- VqT^. (.4.) 
Placing tho first factor equal to 0, wo have, 
+pi- Vs+p^ = 0; ^^^ ^" = —P — Vl+P^- (^') 
Since every supposition that will satisfy Equation { 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that x' and »" ai^e roots of Equation ( 1 ) ; also, tliat 

JUvery equation of the second degree has two roots, and 
onh/ two. 

Note. — ^The two roots denoted by x' and x'\ are the 
same as found in Ait. 158. 

BECOiJI' PKOPElirV. 

BG2. We have seen (Art. 161), that eveiy equation oi 
the second degree may ho placed under the form, 

[x + p + -y/q + p") ix -^p — V?~-KP) = 0. 

By examining this equation, we see that the first factor 
may be obtained by subtracting the secmid root from the 
unknown quantity x ; and tlie second factor by subtracting 
the_^s; root fl'on\ the unknown quantity x; hence, 

Svery equation of t/ie second degree may he resolved into 
two binomial faetors of the first deip-ee, the Jirat terms, in 
both factors, heliig C/ie ujiA-nown quanUty, and the second 
tamis, the roots of the equation, taken with contrary siytis, 

lea. Into bow mimj hi»oiniiil factors of lb? firs', degree muy eccr.? 
CQUiitiou ot the second degree be resolvci? Wbat i:e the first terioH of 
those lactopsf What the second? 
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163. It' we add Equations (4) and (5), Art. 161, we 

x' — — p 4 V'J + P^ 
x" = - p - -y/q -\- p'- 



x' + x" = ~ 2p\ ' that is, 

In every reduced equation of the second degree, the s 
qf the two roots is equal to the coefficient of the second te 
taken with a contrm-y sign. 



IG4. If ive multiply Equations (4) and (5), Art. 161, 
mcHiber by member, we have, 

»' X K " = (- ^ 4- Vq + p^) i-p - vV+y^) 

= !>' — {'I + P^) = ~ 2; t'li^t i^ 
In every equation of the sec07id degree, the product of 
the two roots is equal to the hiow-n tesm. in the second mmt- 
ber, taken with a contrary sign. 

rORMATION OF EQUATIONS OF THE SECOKD BEGREB. 

1G5. By taking the converse of the second property, 
{Art. 162), Ave can form equations which shall have given 
roots ; that is, if they are knoivu, we can find the corre- 
sponding equations by the following 

KULE. 

I, Subtract each root from the unknown quantity: 

163. Whal is the algebraic saa of the roots equal to in every equation 
of the seuoud dep'ee ? 

le-l. What is the product of the roota equal to? 

106. Uo-ff irili you End the tqiiittinii wher. the rOOU are known t 
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IL Multiply the results together, and place their product 
equal to 0. 

■EXAMPLES. 

Note. — Let the pupil prove, in every case, that the roots 
vnU satbfy the third and fourth pi-operties. 

1. If the roots of an equation are 4 arid — 5, what is the 
equation? Ans. x'' + x = 20. 

2. What is the equation when the roots are 1 and — 3 ? 

Arts, a^ + 2a! ^^ 3. 

3. What ^ the equation when the roots are 9 and — 10 ? 

Ans. x^ + X = 90. 

4. What is the equation whose roots are 6 and — 10? 

Ans. x'^ + 4x ~ 60. 

5. Wliat ia the equaiaon whose roots are 4 and — 3 ? 

Ans. x^ — X = 12, 

6. What is the eqnation whose roots are 10 aod — ^ ? 

Ans, 9f — 9-f^x =z I. 
"!. What is the equation whose roots are 8 and — 2 ? 

Ans. x^ — 63! ^3 16, 

8. What is the equation whose roots are 16 and — S ? 

Ans. x^ — llx — 80 

9. What is the equation whose roots are — 4 and — 5 1 

Ans, a;^ -f- 9a; = — 20. 

to. What is the equation whose roots are — 6 and — 7 ? 

AnB. 0)2 4- I3x = — 42, 

11. What is tfco equation whose roots are — - and — 2'< 

Am. x^ + 2|a! = ~- -. 

12. What is the equation whcse roots are — 2 and — 3 ? 
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!3. What is the equation -whose roots are 4 and 3 ? 

Ans. x^ — 1x =z — 12. 

14. What is ths equation ivhose I'oota are 12 anii 2 ? 

Am. x^ ~ Ux = — 24, 

15. What is the equation whose roots are 18 and 2 ? 

Ans. x^ — 20a: = — 30. 

16. What if the equation whose roots are 1 i and 3 ? 

Ans. ^ — llx = — 42. 

17. What is the equation whose roots are -■ and — t? 



18. What ia the equation whose roots are 6 and - 



IQ, What is the equation wliose roots are a and i? 

Ans. x^ ~ (a + b)x x^ — ab. 

20. What is the equation whose roots are c and ~ i7? 
Ans. IE* ~ {e — d^x-^cd. 



TEINOMIAL EQUATIONS OF TUB SECOND DEGUEE. 

165.' A trinomial equation of the second degree coq- 
taina three kinds of terms : 

1st. A terra involving the unknown quanljty to the second 
degree. 

2d. A term involving the unknown qnantity to the firet 
degree ; and 

3d. A known term. Thus, 

M^ — 4* — 12 =3 0, 
is a trinomial equation ff the second degree. 
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Wliat arc the factors of the tiinomial equation. 



A trinomial equation of the second degree may always he 
reduced to one of the four forms (Art. 160), hy mnply trans- 
posing the known term to the second member, and thea 
solving the equation. Thus, from the above equation, we 
have, 

x^ ~ ix = 12. 

Resolving the equation, we find the two roots to Ije +6 
and — 2 ; therefore, the factors ai-e, x — 6, and x + 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Ait. 163) ; 
and the product of the two roots is equal to the known 
term in the second member, taken with a contrary sign, or 
to the third teiin of the trinomial, taken witli the same 
sij/n: hence it follows, that any trinomial may be feetored 
by inspection, when two numbei-s can be discovered whose 
aigebraio sum is equal to the coefficient of the second lerm, 
and whose product is equal to the third term. 



1. "Wliat ai'e the factors of the trinomial, se^ — dx — 3G? 

It ia seen, by inspection, that — 1 2 and + 3 will fulfil the 
conditions of roots. For, 12 — 3 = 9; that is, the co- 
efficient of the second tenn with a contrary sign.; and 
12 X —3 = — 36, the third terra of the tiinomisil; hence, 
tljc factors are, x — 12, and x + 3. 

8, What are the factors of ic^ — 7ie - 30 — ? 

Alts, a; — 10, ajid x + 
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3, What are the factors of a' + 15a; +36 =■■ 0? 

Ans. X + 12, and a; + 3, 

4. What are the factors of a^ — 12ai — 28 = ? 

Ans. X — 14, and a; + S 
6. What are the factors o? x^ — 1x — S — ? 

A71S. a; — 8, and ic + 1, 



TRLS03IIAL EQUATIOXS OF TOE FOEM 

a;-" + 2px'' — q. 

In the ahovc eqnation, the exponent of x, in the first term, 
is doiible the exponent of a; in the second teiin. 

of — Ax' = 32, and x* + is^ = 117, 

are both equations of this form, and may he solved by tho 
rules ah'eady given for tho solution of equations of the 
second degree. 
In the equation, 

a;-" + ipx" = q, 
we see that the first member will become a perfect square, 
by adding to it the square of half the coefficient of x"; thus, 

in which the first member is a perfect squai'e. Then, es 
tracting the square root of both members, we hare, 

x" + p = ± V^ + p^ ; 

hesicc, a;" — — p ± Vs + i'^ J 

then, liy taking the wth root of both members, 

x' = V" P + V^ + P^> 



' ^ V- p ~ V~ p + p' 
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EXAMPLES. 

1, "V\Tiat are the values of x in tlie equation, 

0!« + 6ic3 _ ]]2? 
Completing the square, 

a* + 6a!^ + 9 = 112 + 9 = 121 ; , 
then, extracting the square root of both members, 

w^ + 3 ~ ± yTil ^±11; hence, 
x' = ^y— 3 + 11, and ic" = \/'— 3 — 11; hencej 
SB' = ^8 = 2, and x" = ^— 14 =:; — i/i4. 

2. What are the values of x 




Completing the square, i 

a' — 8^2 + 16 = 9 + 16 = 25. 

Extracting the square root of both members, 

x^ — A = ± -1/25 = ± 5 ; hence, 

k' = ± y"* -f 5, and a;" = ± y^ — 5 ; hence, 

;' = + 3 and — 3 ; and a;" ~ 4- y"— 1 and — y'^ 

3. What are the values of x in the ec(uation, 

0^ + 2(ta' = 69 ? 
Completing the sc|nare, 

ojs + 20a;3 4- 100 — 69 + TOO r= 169. 
Extracting the square root of both members, 

»' + 10 ^ ± yTeO = ± is ; hence. 



: y— 10 + l"3, and a:" ~ L'^ 
a;' = 0, and a." ^ ^^ 
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4. Wlat are the values of a; in the equation, 

a' — 2a;^ = S ? 
Ans. x' = ± -v/3, anH. x" — ± ■i/^ 

5. What ai'e the values of x iii the equation, 

0!^ + to^ — 9 ? 

Ans. «,' = 1, and x" ^ ^— 9. 

6. Given k ± V^^ + ^ = 12, to find a;. 
Transposing a; to the second tncmher, and then squaring, 

9a; + 4: = cfi^ — 34a; + 144; 
.-. V? -^ 33ai — — 140; 
md, x' — 28, and x" — 5. 

7. 4a! ± 4-4/3; + 2 = 7. ^ras, a;' = 4J-, a;" = ^. 

8. a; ± -v/^ + 10 = 8- ^''^- ^' = 18, x" — 3. 



NUMERICAL VALUES 0"F THE "ROOTS, 



166. We have seen (Art. IGO), 


that 


, by attributing all 


poasilile signs to 2p anJ y, we !i: 


ave 


the four foUoHdng 


forms: 






x' + '2px = q. 




.... {!.) 


s? — ipx = q. 




.... (2.) 


a:* + 2/a = - 


9- 


.... (3.) 


a,^ - 2joa; = - 


?■ 


.... (4.) 



166. To how many forme may eTCry equation of the aenond dpgrei 
reduced t What are thej J 
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First Form. 
16*. Since q ia positive, we know, fi-oin Pi-operty 
Fourth, that the product of the voots must be uegiitive" 
hence, the roots have contt-ary signs. Since the aoefficient 
2p 13 positive, we know, from Property Tliircl, that the alge- 
br^o Bum of the roots is negative ; hence, the negative root 
is numerically/ the greater. 

Second Form. 

168. Since q is positive, the product of the roots must 
be negative; hence, i/is roots Iiave contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, the positive root is numerically the greater. 

Third Form, 

169. Since q is negative, tlie product of the roots ia 
positive (Property Fourth) ; hence, the roots have the same 

sign. Since 2p is positive, tlie sum of the roots must be 
negative ; hence, both are negative. 

Fourth Form. 

1^0. Since g is negative, tlie product of the roots is 

positive ; hence, the roots have the same siyn. Since 2p is 

negative, the sum of the roots is positive ; hence, the roots 

are both positive. 

1«1. Wliat sign has the product of the roots in the Erst form f Hoht 
are tiioir ligns ? Which root is □unierlcally the greatei- F Why ? 

1S8., Whfit aignbaa the product of the roots in theaccond form? How 
ere tbe signs of the roots f WMch root is numerically the greater f 

169, What sign hos the pcoduct oi the roolq in the third form ? How 

170. What sign has the product of the roots in the fourth form ? How 

are the Bigos of the roots? 
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First and Second Forms. 

fiyi. If we make 2 = 0, the first foi-m becomes, 

!c^ + 2^ = 0, or x{x + 2p) = ; 

whichshowsthatonerootisequal toO, andtheotlierto — 2^j 

Under the same supposition, the second form becomes, 

ic'^ — 2j>x = 0, or x(x — 2p) = ; 

which shows that one root is equal to 0, and the other to 

2p. Both of these results are aa they should be ; since, when 

2, the product of the roots, becomes 0, one of the factoids 

must be ; and hence, one root must ho 0. 

Third and Fourth Fortns. 

172. Ifi m the Third and Fourth Forms, q>p\ the 
quantity under the radical sign will become negative ; hence, 
*;s square root cannot be extracted (Art, 137). Under this 
Buppodtion, the Talaea of ic are imaginary. How are these 
results to be interpreted ? 

J^ a given number be divide^ into two jxrrts, their pro- 
duct will be the greatest possible, when the parts are equal. 

Denote the number by 2p, and the difference of the pai-ts 
by d; then, 

^ + - — the greater part, (Pago 120.) 

and, p — - — the less part, 

and, ^* — — - ~ _P, then- product, 

171. If we make g — 0, to what does the first form reduce? What, 
then, are its roots ? Under the same supposition, to what does the second 
fcrm reduce ? What are, then, ils roota ? 

tli. li q> p', in the third and fourth forms, what takes place ? 

If a number be dividiid into two parts, when will the product be the 
greatest possiblp f 
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It is plain, that tlie product P will increase, as d dimin- 
ishes, and that it will be tbe greatest possible when (^ ^ ; 
for then there will l>e no negative quantity to bo subtracted 
from p'', in the first member of the equation. But when 
rf = 0, the paatB are equal ; hence, the product of the tieo 
piirts is the greatest when they are equal. 

In the equations, 

0^ + 2px = — q, ic* — 2px = — q, 
2p ie llie sum of the roots, and — q their product ; an^ 
hence, by (he principle juat eatablisbed, the product q, 
can never ba greater than p^. This condition fixes a limit 
to the value of q. If, then, we make q >p\ we pa^ thia 
limit, and express, by the equation, a condition which cannot 
be fulfilled ; imd this incompatibility of the conditions is 
made apparent by the values of as becoming imaginary, 
Henee, we coneJude that, 

Wh&i the values of the unfmovm qtiantity are imaginary, 
the conditions of the proposition are incompatible with 
each other. 

EXAMPLES. 

1, Find two numbers, whose sum shall be 12 and pro- 
duct 46. 

Let X and y be tbe numbers. 
By the Isl condition, x + y = 12 ; 
and by the 2d, xy ^ 46. 

The first equation gives, 

X ^ I2~y. 
Substituting this value for x in the second, we have, 

i2y -y^= 46; 
and changing the signs of the terras, we have, 
yi - \2y = - +0 
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Then, by completing the square, 

j,3 „ 12j/ + 36 = —46 + 36 = -10; 
wliicb givaa, y' = 6 + -■J — 10, 

and. y" = 6 — ■y'— 10 J 

liolh of which values are imaginary, as indeed they Bhouid 
be, since the conditions are inconipatiWe. 

2. The sum of two numbers is 8, and' their product 20: 
what are the numbers f 

Denote the numbers by aj and y. 
By the fii'st condition, 

and by the second, wy ■= 20. 

The first equation gives, 

03 = 8 - y. 
Substituting this valuo of a; in the second, we have, 

^y -y^ ^ 20 ; 
changing the signs, and completing the square, we have, 

2/^~ ay + 16 = - 4; 
and by extracting the root, 

y' := ^ -\- -y/— i, and y" = i — y* — 4. 
These values of y may be put under the forms (Art. 142), 

y = i + 2-\/"—i., and y — i — 2-/^^^. 
3 What are the values of x in the equation, 



- 10? 



- 1. 



' = — 1 — 3v 
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1. Find a number such, that twico its square, added to 
three times the numljer, shall give 65, 

Let X denote the unlsnown nranber. Then, the equation 
of the problem is, 

whence, 

5 /<ir. a" 3 23 



^' - 4 + 4 - ^' ^'^ '"" 4 4 "" 2 ' 

Both these values satisfy the equation of the problem. 
For, 

2 X (S)^ + 3x5 = 2x25 + 15^65; 

/ UY 13 169 39 130 

KoTBS. — 1. If Tve restrict the enunciation of the problem 
to ita arithmetical sense, in which " added " means numer- 
ical increase, the first value of x only will satisfy the con- 
ditions of the problem, 

2. If we give to " added," its algebraical signification 
fwhen it may mean subtraction as well as addition), tlie 
problem may be thus stated ; 

To find a number such, that twice ita square diminished 
by t]n-ee times the number, shall ^ve 63. 

Tlie second value of a will satisfy this enunciation ; for. 



K?r 
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3. The root wMch results from giving the plus sign to the 
radical, is, generally, aai answer to the quesLioB in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it vaa required to find a number, 
of TPbieh twice the squai^e, added to three times the nam- 
ber, shall give 65. Now, in the arithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi. 
nution when the quantity added is negative. In this sense, 
the second ri 



3. A certain person purchased a number of yards of doth 
for 240 cents. If he had purchased 3 yards Uss of the same 
cloth for the same sura, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of ya 



Tlien, — will denote the ])rico per yard. 

If; for 240 cents, he had porchased three yarda less, that 
is. a — 3 yards, the price per yard, under this hyjnothesfe, 

would have been denoted by • But, by the oondi- 

tiuJiB, this last cost must exceed the first by 4 cents. There- 
fore, we have the equation, 



whence, by reducing. 




NoTKs.— 1. The value, x' ~ 15, satisfies the cnunciatioa 
n its arithmetical sense. For, if 15 yards cost 240 cents, 
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240-4-16 = 16 centa, the price of 1 yai-d; and 240 4- 12 — 2C 
cents, the price of I yard under the second supposition. 

2. The second vahio uf x is an answer to the foUowiiig 
Problem : 

A certain person purchased a number of yards of cloth 
for 240 centa. If he had paid the same for three yards more, 
it would have cost him 4 centa less per yard : how many 
yards did he buy? 

Tliia would give the equation of condition, 



!E=— 3a; = 180; 
the same equation aa found before ; hence, 

A single equation will often state two or more arith- 
metical problems. 

lliia aiises from the fact that the koguage of Algebra is 
more comprehensive thaa that of Arithmetic. 

3. A man having bought a horse, sold it for |24. At the 
e;i!e he lost as much per cent, on the price of the horse, as 
the horse cost him dollars : what did ho pny for the horse ? 

Let X denote the number of dollars that he paid for the 

horse. Then, te — 24 will denote the loss he sustained. Bui 

da he lost x per cent, by the sale, he must have lost ---- 

upon each doUar, and upon x dollars he lost si sum denoted 

\.<,- . — „; we have, then, the equation, 
■ 100' ' ' ' 

— = IB - 24; whence, k' -- lOOce = — 3400, 
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iin'l, X =: 50 ± V^50b~— 2400 = SO ± 10. 

'J'bei'cfore, x' — 00, and x" ~ 40. 

Both of these roota will satieiy tlie problem. 
For, if tlie man gave $60 for the horse, and sold him for 

$24, he lost $86. From the enunciation, he slionld have lost 

60 per cent, of $60 ; that is, 

100 100 ' 

therefore, S60 satisfies the enunciation. 

Had he pdd $40 for the horse, lie would have lost by the 
sale, $16. From the eaunciation, he should have lost 40 pei 
cent, of $40 ; that is, 

100 100 ' 

therefore, $40 satisfies the onunuiatiou. 

i. The sum of two ntuiibere is 11, and the sum of their 
squares is 6 1 : what are the numbers ? Ajis. 5 and 6 

5. Thedifferenceof two numbers is 3, and the sum of their 
squares is 89 : what are the numbers ? Ans. 6 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 2s. a head on those he sold : 
boiv m^y did he buy ? Ans. 75. 

7. A merchant bought cloth, for which he paid £33 15b., 
which he sold again at £2 8s. per piece, .and gained by the 
bargain as much aa one piece cost him: how many pieces 
ilid he buy ? Ana. 1 5, 

8. The difference of two nmubers is 9, and their sum, 
cinltiplied by the greater, is equal to 266: what are the 
numbers? Ans. 14 and 5 
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9. To find a number, such that if yon subtract it from 10, 
and multiply the remainder by the number itself, the pro- 
duct will be 21 . Ans. 1 or 3. 

10. A person trav^ed 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
completing the same distance : how many miles did he triivc! 
per hour ? Arts. 1 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased? 

Ann, 82. 

12. The difference of two numbers is 7, ;uid their sum 
multiplied by the greater, m equal to 130; ^'hat are the 
nmnbei's? Ans. 10 and 3. 

13. Divide 100 into two such parts, that the sum of their 
squares shall be 5392. Ans. 64 and 36, 

14. Two square courts are paved with stones a foot square; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement ? Ans. 26 feet. 

15. Two hundred and forty dollars arc equally distributed 
among a certain number of persons. The same sum is agam 
distributed amongst a number greater by 4, In the latter 
case each receives 10 dollai-s less tliau in the former: how 
many persons were there in each case. Ana. 8 and 12. 

16. Two paitnei-s, A and S, gained 360 dollara. A^s 
money was in trade 12 months, and ho received, for priii- 
ci;):il and profit, 520 dollara, B's money was 600 dollars, 
and was in trade 16 months : how mucli capital had A ? 

Ans. 400 dollars, 
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EtjiraTiONs itn-OLviNo ii a-js than one usksown quantity. 

873. Two eimultaneoue equations, each of the second 
degree, and contiiining two unknown quantities, will, when 
combined, generally give rise to an equation of the fourth 
degree. Hence, only partieolai- cases of such equations (;aii 
be solved by the methods already given. 



Tleo simultaneous equations, involving two nnknoten 
quantities, can aheuys he solved when one is of the first 
and the other of Ike second degree. 

K X A M n, E s , 

By transpoBing y in the first oqualioii, we have, 
X = U -y; 
and by squaring both members, 

X' = iSC - 28y + y\ 
Substituting this value for a^ in the second equation, we 
196 — 2G)/ + y'^ + y'^ — 100; 
from which we have, 

y-^ - 14y = - 48. 
By completing the sqnare, 

y^ — liy + 49 = 1 ; 
ns. When HULj two ^multaneous eqaationa of tlic aefoud degree be 
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and by extracting the square root, 

y-7-±-/i = +l, and — 1; 
hencG, J/' = 7 -f 1 =: 8, and y" =l 1 — \ =6. 

If we take the greater value, we find x = %; aiid if v 
take the lesser, we find » = 8. 

''*■ \y'= 6, y" ^■ 

VERIFICATION, 

For the gi-eater value, y = 8, the equation, 

a; 4- y = 14, gives 6+ 8 = 14; 
and, a^ + 1/2 — 100, givea 36 + 64 = 100, 
For the value y = 6, the equation, 

vc + ?/ — 14, gives 8 + 6 = 14; 
and, x^ + y" = 100, gives 64 + 36 ~ 100. 
Hence, both sots of vahies satisfy the given equation. 

2, Given 

Transpoang y in the first equation, we have, 
X = S + y; 
then, squaring both members, 

X' = -9 + ey + y\ 
Substituting this value for x', in the second equation, ' 
have, 

9 + Cy -f ;/'-y' - 45; 

whence, we have, 

6y ^ 36, and »/ — 6. 
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SiibBtitutiug this value of y, in the first equation, we have, 
a; — 6 = S, 
an^ consequently, a;' = + 6 = 9. 

VERIFICATION. 

X — y =: 3, gives 9 — 6 = 3 ; 
and, x^— tj' — 45, gives 81 — 36 = 45. 

Soh-e the foOowing Minuhaneous equations ; 

ix + y =12^ An, S^ = ""•■ 



4. 



af+ y^ = lir \ 



•?~ 2iC!/ + 1/2 = 1 [ I 2/' zz: 4, ; 

s- y = 5 1 

'?-\- 2xy + y^ = 225 \ 

Arts. ■!,",' „ 



174. Two simultaneous equations of the second degree, 
which are homogeneous with respect to the unknown qiiwh- 
tity, can alicays be solved. 



(1.) 

a:' + 33;y + 2y= = 40 

to find X and 



^- ^^'"^^ 1 3:3 + g^y + 2y= = 40 (2.) 
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AssTune x ■= ty, t teing any auxiliaiy unknown quantity. 
Substituting tliis value of x in Equationu ( 1 ) and ( 2 ), 
n-e have, 



tH,^^zty'-=,2, .-. y^^-^-j^; 


(3.) 


t}y-' 4 W 


^ " ' • ■ ^ - t' + Zt ->r 'i' 


(4) 


hence, 


22 40 




t^ + zi !^4-3S + 2' 




hence, 


12f^+ 66i 4- 44 = 40(^4- 120i!; 




reducing, 


22 




whence. 


(' ^ ? and i"= -~. 





Substituting either of tliese values in Equations ( 3 ) or 
( 4 ), we find, 

y' = 4-3, and y" = — Z 

Substituting the plus value oi' y, in Equation (1), ne 
have, 

fl;= 4- 9a; =z 22 ; 
irom wliich we find, 

x' — 4-2, and x" = — 11. 

If we take the negative value, y" ~ — 3, we have, 
from Equation { 1 }, 

x^ ~ Ox = 22; 
from which we find, 

x' ~ + 11, and x" =^ — 2. 

\i:rificatios. 

For the values y' = 4-3, and x' — + 2, the given 
eqiiation, 
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gives, 2' +3X2X3 = 4 + 18 = 22; 

and for tlie second value, x" = — 11, the same equaVion, 

x^ + 3xy — 22, 

gives, (— 11)2+ 3 X — 11 X 3 = 12: -- S9 = 22, 

If, now, we take the second vEilue of y, that is, y" = — 3, 
atid the corresponding values of o;, viz., x' — +11, and 
x" = ^ 2; for a;' — + 11, tbe given equation, 

a!^ + Sxy = 22, 
gives, IP + 3 X 11 X - 3 = 121 ~ 99 = 22; 
and for x" = — 2, tlie same equation, 

x^ + Say = 22, 
gives, (— 2,)= + 3 X - 2 X — 3 = 4 + 16 = 22. 

The verifications could be made in the same way liy em. 
ploying Equation { 2 ), 

N"oTE. — In equations amilar to the above, we generally 
find but a Mngle pair of values, corresponding to the values 
in this equation, of j/' ^ + 3, and ic' — + 2. 

The complete solution would give four pairs of values. 





Am. 


iff = »■ 


y' + 'J? ^ &h\ 


Am. 


in = 1. 


2ai2 + Zxy = 470 1 
y* - icy = - 9 f 


Ans. 


X ~ 10. 
y = 9 


Bxy - 3j/' z= 32 1 
or + y' + Zxy = •;-! \ 


Am. 


« = J. 
y = 1. 
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<75 Many other eqiiations of the second degree may be 
so transformed, as to be brought under the rules of solution 
ab-eady given. The seven folloiring formulas will aid in 
such transformation, 

(1-) 
When the sum and difference are known: 



Then, page 132, Example 



When tlie sum and product are known: 

«+y-« (1-) 

xy = p (2.) 

ic= + 2a^ + jf^ = s\ by squaring ( 1 ) ; 
4ot/ ~ ip, by mult. ( 2 ) by 4. 

S5* — 1'xy -^ y^= s^ — ^p, by subtraction. 

X — y ~ ± -y/«2 — ip, by est. root. 
But, a; + J/ = s ; 

lenoe x = - ± - y^^^ ip ■ 
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(3.) 

Wben the differenoe and product are kBown: 

^- y = d (1.) 

xy = p (2.) 

as' — ixy + j/^ = (P, by squaniig ( 1 ) ' 

43^ = ip, mult. { 2 } by 4. 

IB* + 2a«/ + J/' = d^ + 4]}, by adding. 
X + y = ± ^cP + ip 



X = id± i y/d "- + 4j» . 

y ~ - If? ± J v^^ + 4iO. 

3. 1 

When the sum of the squares and product are knowu . 

a!^ + y= = s..(l.) i«/=p .. (2.) .-.23^ = 2p..{3.5 

Adding ( 1 ) and ( 3 ), ic^ + Sary + y= ^ s + 2^) ; 
hence, a; + j/ r= ± 1/^^+ 2;> (4.) 

Subtracting {3} from ( 1 ), ic= — %xy + y^ — s —2^; 

hence, x — y = ± y^s — 2jo (5.) 

Combinmg (4) and (5), a: — 1-1/8"+ 3p + ^Vs - 2;), 

and, y = \i/r+ 2p ~- ^VT- 1p. 

(5.) 

When the sum and sum of the squares are known: 

X +y = e (1.) 

x-' + y'^ ^ s' (2.) 

a^ + %xy + y'' = s^ by squaiing ( 1 ) 
2a;y = s^ - s' 
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By putting xy = p, and combining Equationa (l) and 
(3), by FoiTMula {2), we iincl the values of x and 1/, 



n and s 



(6.) 
1 of tlie cubes are kn( 



X + y = S .... (1.) 

s-' + y^ z^ 152 ... . (2.) 

^ + 3x^y + Sxy'' + y'-' = 512 by cubiug ( 1 ). 

S3?y + Sa.-y^ — SCO I)y subtraction. 

Zxy{x -\- y) — 360 by factoring. 

3a;y(8) = liGO from Equa. { 1 ) 

lixy ~ 360 

hence, a;y ~ 15 . . . . (3.) 

Combining ( 1 ) and ( 3 ), wo find x ^ o and y = 3, 

(7.) 

When we have an equation of the form, 

{« + yf + {x + y) = q. 
Lot us assume a; 4- ?/ — s. 
Tlien the given equation becomus, 

s» + Z = ? ; and s = - - ± '^ q + - . 

^ + y -= ~\±\/q + \- 

EXAMPLES. 
( ^ - !/M 1 ) 1 

I. Given \x + y + z = 1 { 2 ) [ to find ai, 3/, and z. 
(se' + i''+ 2^ = 21 (3)1 
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Transposing y in Equation (2), we have, 

^ + z = 1 ~y; ... (4.) 

then, squaiing the members, ive have, 

x' + 2xz + g.^ = 49 — Utj -t- y=. 

If now we substitute for 2xz, its value taken fi'oni Equo- 
luin ( 1 ), we have, 

a,a ^ 2y^ + s^ = 49 — 14!/ + y= ; 
and cancelling y^, m each memhor, there results, 

a;2 _]_ j/2 _j. 2? _ 49 _ 14 y_ 

But, from Equation ( 3 ), we see tliat eacli member of the 
last equation is eqiia! to 21 ; hence, 

49 — 14^ — 21, 
and, 14(/ — 49 — 21 — 28, 

28 
hence, 5" — fi ~ ^■ 

Substituting this value of j/ m Equation (1 ), gives, 

and subslitutmj^' it in Equation (4 ), gives, 

a: + s = 5, or ic = 5 - s. 
Substituting this value of x, in the previous equation, wo 
obtain 

nz - z' = 4, or £' — r,z — - 4 ; 

and by completing the square, we have, 

z-'- - r,z + 6.25 = 2.25. 
ami, s — 2.5 - ±-)/2^r,- + 1.5, or — 1.0 
hence, It ~ 2.5 + 1.5 = 4, and s = + 2,5 — 1.6 = 1 
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2. Given x + i/Sw + w — 19 ) „ , , 

^ . \ , r to find X and y. 

and a;^ + xy + y^ — 133 I ' 

Dividiag the second equation by the first, we have, 

X ~ v^ + y — V 

but, X + V*y + J/ = 19 



hence, by addition 






2^+ 1y 


— 26 




or. 






X 


+ 2/ 


~ 13 




and substituting in 


Isl 


.Eqn 


a., v^ 


+ 13 


=. 19 




or, by transposing, 








V^ 


= 6 




and by sqaaring, 








«!/ 


^ 36. 




Equation 2d, \s 






a;2 


4-*J/ 


+ 2/' = 


133 


and from the last, 


we 


have, 




y«y 


- 


108 


Subtracting, 


^ 


- 23:5/ + y'^ = 


25 


hence, 








X 


-y = 


±5 


hut, 








X 


+ 2/ - 


13 


hence, x — 9 and 


■*; 


and y 


- 4 


and 9. 








rROBLEMS. 









1. Fmd two numbers, stich thattlieir sum shall bi) 15 and 
the sum of their squares 113. 

Ijet X and y denote the numbers ; tlien, 

X + y = 15, (I.) and x' + j/^ = 113. (2.) 
From Equation ( 1 ), wo have, 

x^ = 226 — SOy + y^ 
Snbrilituting this value in Equation (2), 

225 — 30»/ + y^+ y^ = lia ; 
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hpnco, 'iif- - SOi/ = — 112 J 

y-^ —\5y^ ~ 56, 

hence, i/' ~ 8, and y" ~ 7. 

Tiio tij'st value of y being substituted in Equation ( 1 ), 
gives x' = 1 ; and the second, x" = 8. Hence, tlie mini, 
bers are 1 and 8. 

2. To find two numbers, sueh tliat their product added to 
tlieir sum shall be 17, and their sum taken fiom the sum of 
their squaj-ea shall leave 22. 

I^et X and y denote tiie numbers; then, from the con- 
ditions, 

(x + y) + xy ^ -11. ...(].) 

x' + y^ - (X + y) = '22. . . . (2.) 
Multiplying Equation ( 1 ) by 2, we have, 

2xy + 2(x + y) - 3i. ... (3.) 
Adding (2) and (3), we have, 

x' + 2xy + y^ + (x + y) = 56 ; 
hence, (x + yY ^ (x + y) z= b&. . . (4.) 

Regarding {x + y) as a single unltnoivn quantity (page 
248), ___^ 

x + y = -\± sj5^ + \ = 1. 
Substituting this value in Equation ( 1 ), ive have, 

7 + !By = 17, and y = 5. 
Hence, the numbers ai'e 2 and 5. 

3, Wliat two numbers are those whose sum ia 8, and sum 
of tlieir squares 34 ? Am. 5 and 0, 
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4. It 13 required to find two such numbers, tLat tho first 
ehall be to the second as the second is to 16, and the swm ot 
whose squares shall be 235 ? Ans. 9 and 12, 

5. What two numbers are those which are to each other 
as 3 to 5, and whose squares added together make 1666 ? 

Ans. 21 and 35, 

6. There are two nambei-s whose difference is 7, and half 
tlieir product plus 30 is equal to the square of the less 
nniiiber: what are the numbers? Ans. 12 and 19. 

1. What two numbers are those whose sum is 5, and the 
sum of their cubes 35 ? Ana. 2 and 3. 

8. What two Tmmbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares la 
132? A)is. 11 and 8. 

9. Divide the number 100 into two such parts, that tlie 
product may bo to the sum of their squares as 6 to 13. 

Ans. 40 and 60 

10. Two persons, A and J3, departed from different placea 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than Jl ; and that A could have gone ■B'a journey in 15f 
days, but -B would have been 28 days in performing A^a 
journey : how far did each travel ? . \ A, "72 miles. 



11. There are two numbers whose difference is 15, and 
half their product is equal to the cube of the IsBser number : 
ivliat are those numbers ? A)U. 3 and IS. 

13. What two numbei-s are those whoso sum, muUiplied 
by the greater, is equal to 77 ; and whose difference, muHr- 
plied by the less, is eqnal to 12 ? 

An£. 4 and 7, or a y^ and V -^2. 
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18. Divide 100 into two such pnrts, that the sum of their 
Hquareroots may be 14, Ans. 64 and 36. 

14. It is required to divide the number 24 into two midh 
parts, that their product may be equal to 35 times their dif- 
I'erence. Ans, 10 and 14, 

15. The sum of two numbers is 8, and the sum of thoii 
aubes is 152 : what are the numbers ? Ans. 3 and S, 

16. Two merchants each sold the same kind of stuff; the 
E«cond sold 3 yards more of it than the first, and together 
tlicy receive 35 dollars. The first said to the second, " I 
would have received 24 dollara for your stuff;" the other 
replied, "And I should have received 12i dollars for yours :" 
how many yards did each of them sell f 

. ( 1st merchant x' = 15, at" := 5, 

"*' ( 2d " y' = lS, *"^' y"=Z. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest in such a manner 
that the incomes from theta were equal. If she had put out 
the first portion at the same rate as the second, she would 
have draivn for this part 360 dollars interest ; and if she 
had placed the second out at the same rate as the first, she 
would have drawn for it 490 doUars interest : what were 
the two rates of interest? Ans. 1 and 6 per cent. 

13. Find tiiree numbers, such that the difference between 
the third and second shall exceed the difference between the 
second and firet by 6 ; that the sum of the numbers shall be 
33, and the sum of theii' squares 467. 

An$. 5, 9, and 19. 

19. Wliat number is that w!iich, being divided by the 
product of its two digits, the quotient will be 3 ; and if 18 
be added to it, the resulting number will bo expressed by 
the digits inverted ? Ans. 24. 
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20. What two numbers are those which are to each other 
IS m to ji, and the sum of whose squares is i ? 

21. What two numbors are those which are to each oilior 
IS m to n, and the difference of whoso squares is 5? 

'n^/l n^/h 






22. Requii'ed to find three numbera, such that the product' 
of the first and secoud shall be equal to 2 ; the product of 
the first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ans. 1, 2, and 4. 

23. It is reqnired to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the difierence 
between the second and first gi-eater by 7 than the difference 
between the third and second, .4ns. 8, 15, and 20. 

24. Required to find three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to S ; and the sum of the squares 
of the second aiid third equal to c. 




26. What two numbers arc those, whoso sum, multiplied 
by the greater, gives 144 ; and whose difference, multipliod 
by the less, gives 14? Am. 9 and 7. 
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CHAPTER IX. 



HJB. Two quautkiea of the same kin(3 may be compared, 
the one with the other, ia two ■yi'ays : 

lat. By conridering how much one is greater or less than 
the other, which is shown by their difference ; aiid, 

2d. By considering how many times one is greater or less 
than the otlier, wliich is shown by their quotient. 

Thus, in comparing the numbei-s 3 and 12 together, with 
respect to their difference, we find tliat 12 exceeds 3, by 9 ; 
and in compsu'ing them together ■with respect to thuir quo- 
tient, we find that 12 contains 3, four times, or that 12 is 4 
times as great as 3. 

The ficst of these metliods of compaiTSon is called Arilh- 
inetical Proportion, and the second, Geometrical Propor- 
tion. 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference, and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 

Vl%. In bow many naja may two quimtities be oompareii the one with 
tho Other? What does the first method consider? What the Beooiil? 
Wliat is the (Iret of these metlioda called ? What is the second calledi 
How then do you define the wo proportions? 
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o? AKrmifEncAL picopoetion and peogeession. 

lyy. If we have four cumbera, 2, 4, 8, and 10, of which 
llie difference "between the first and second is equal t-o 
the difference between the thii'd and fourth, thei9c niimhere 
are said to be in arithmetical proportion. The first term 3 
is called an antecedent, and the second term 4, with which 
it is compared, a conseqitent. The number 8 is also called 
an antecedent, and the nimiber 10, with which it is com- 
pared, a consequent. 

When the diQ'erence between the first and second is equal 
to the difference between the thu-d and fourth, the four 
Diimbers are said"to be in proportion. Thus, tho numbers, 

2, 4, 8, 10, 
sire in arithmetical proportion. 

17S. When the difference between the first antecedent 
and consequent is the same as between any tivo consecutive 
teiins of the propoilion, the proportion is called an arith- 
metical progression. Hence, a progression hy differences, 
or an arithmetical progression, is a series in which the suc- 
cessive terms are continuaUy increased or decreased, by a 
constant munbcr, which is called the common difference of 
the progresaon. 

Thus, in the two series, 



1, 


4, 


7, 


10, 


13, 


IG, 


19, 


22, 


25, ... 


60, 


56, 


52, 


48, 


44, 


40, 


36, 


32, 


28, . . . 



117. When are four numbers in arithmetical proportion? What la (JiB 
iirat caikd? What ia the second caUed? What is the third CHlled? 
Wliat ia the fonrth eoJled ? 

178. What is an arithmetical progression? What is the number ealleJ 
by which the terms are increased or diminished ? What is an increasing 
progrepaion? What ia a decreasing progressiouf Which term is ouly 
iiu antecedent? Which only a conaequcnl? 
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the first is called an increasing progression, of whicli tho 
common difference is 3, and llie second, a decreasing pro- 
gression^ of which the common difference is 4. 

In general, let a, b, e, d, e, /, ... denote the terms of 
a progression by differences; it has been agreed to write 
them thus : 

a . b . c . d . e . f . g . h . i . Ic . . . 

This series is read, a is to b, as 6 is to c, as c is to <?, as d 
is to e, &o. This is a series of continued e^i'differences, in 
which each term is at the same time an antecedent and a 
consequent, with the exception of the first tenn, which is 
only an antecedent, and the last, wliich is only a conseqvsnt. 

ISO. Let d denote the common difference of the pro- 
giesion, 

a .b .c . e .f . g .k. &c., 



From the definition of the progression, it evidently ful 

lows tililt, 

b — a + d, c — b-\-d — a + 2d, e = c -\- d = a + Zd\ 

and, in genei'al, any term of the series is equal to the Jlrst 
ten», phis as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and m the number which marks 
the place of it ; the expression for this general term is, 

I ^ a + {n - i)d. 

[lence, for finding the last term, we hare the following 

179. GHve the rule for finding the last term of a series whec the pro 
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L Multiply the common difference hy the number o/ 
terns less one: 

n. To the product add tlie first term ; the siim will be 
the last tenn. 

E X A 11 P I, E s . 

The formula, 

I ^ a+ {n- l)d, 

Biir\aa to find any tei'm whatever, without determining all 
Hiose whidi precede it. 

1 . If we make m — 1, wc h;ive, ^ = « ; that is, the 
series Aviil liave but one term. 

2. If we make n ~ 2, we have, I — a + d; that is, 
the series will have tivo terms, and the second temi is equnl 
to the first, plus the common difleretice. 

R. If « = 3, and <7 = 2, what is the 3cl term? 

Ans. 7. 

4. If a = 5, and d ~ 4, what is the 6th term ? 

Alts. 25 

5. 1£ a — 1, and d ~ 5, what is the 9th term? 

Am. 47. 

6. If « — 8, and d = 5, what ia the 10th term f 

Ans. 5b 
1. Ji a = 20, and d = 4, what is the 12th term? 

Aus. 01. 

8. K a = 40, and d = 20, what is the 50th terni !■ 

Ana. 1020. 



'. — 30, what is t!:e 40th lermf 
Ans. 1213. 
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iO. If « = 30, and d — 20, what is the SOth.term? 
Ans. 1210. 

11. If a ~ 50, and d ~ 10, what is the 100th Iwm ? 

Ans. 1040. 

12. To Slid t]ie 50th term of tiio progression, 

1 . 4 . r . 10 . 13 . 16 . 19 . . . 
ire have, ^ — 1 + 49 X 3 — 148. 

13. To iinil the 60th term of the progression, 

1 . 5 . 9 . 13 . 17 . 21 . 26 . . . 
we have, Z = I + 59 X 4 ^ 237. 

1S«. If the progression M'ere a decreasing one, we 
should liiivy, 

I ^ M - (w - \)d. 

Hence, lo find the last term of a decreasing 
liavH llie fuUowing 



I, Multiply the common difference hy the number of terms 
lesB one : 

n. Subtract the product from the first term ; the re- 
mainder will be the last term. 



1. The first tei-m of a decreasing pragression is 60, the 
iiHitiber of terms 20, and the common difference 3 : wliat ia 
the last term? 
l^a-(n—l)d, gives ^= 60 - (20— 1)3 - CO — 57 = 3 

]80. Give the rule for finding the lust term of a eeriea, when the pri> 
greesion is decreasiag. 
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2. The first teitn is 90, the common difference 4, and tho 

miinber of terms 16 : what is the last term ? jins. 34, 

B. The first term is ]0O, the number of terms 40, and the 

Q diffcreacG 2 : what is the last term ? Ans, 22. 



, The first term, is 80, the number of terms 10, and the 
II difference 4 : what is the last term ? Ans. 44. 

5, The first term is 600, the number of terms 100, and 
the common diffei'enoe 5 ; what is the last term ? 

Ans. 105. 
e. The first terra is 800, the number of terms 200, and 
the common difference 2 : what is the last term? 

Ans. 402. 

E S H . A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms, taken at 
egttal distances from the two extremes, is egual to the sw»i 
of the two extremes. 

That is, if we have tho progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we ivish to prove generally, tiiat, 

4 + 10, or C + S, 
is equiil to the sum of the two extremes, 2 and 12. 

Let a.b.c.e.f... i . k . I, be the proposed 
progre^ion, and n the number of terins, 

"We will fii'st obseiTe that, if x denotes a tenn which has 
p terms before it, and y a term which has /j tenns aftt/L' it, 
we have, from what has been said, 
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X = a+p X d, 
and, y = I — p X d\ 

whence, by addition, x + y = a + I, 
which proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second term 4, then 1/ will de- 
note the term 10, next to the laat. If x denotes the thnd 
terra 6, then y will denote 8, the third term from the last. 

To apply this principle in finding the sum of the terms 
of a progi-ession, write the terms, aa below, and then 
again, in an inverse order, viz. : 

a.b.o.d.e.f.-.i.^.l. 



Calling 8 the sum of the terms of the first pro; 
25 will be the sum of the terms of both progressions, and 
we shall have, 

2S=(ffl-|-0 + (6+^) + (c+«-). . . +{J+c)+(i+5)+ (/+«). 

Now, since all the parts, a -\- I, b + 7c, c + i . . . axe 
equal to ea«h other, and their number equal to n, 

2S=ia + l)xn,- or « = (i±i) x ». 

Hence, for finding the sum of an arithmetical series, we 
have the following 



I. Add tfietwo extremes together, and take halfthsir sum: 
IT. Multiply this half-smn by the number of terms ; the 
product will be the sum of the series. 
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1. The extremes are 2 and 16, and the number of terms 
: wliat is the sum of the series ? 

... . _ 2 + 18 . _ ., 



^(^0> 



12 



, The extremes are 3 and 27, and the number of tonns 
what is the sum of the series ? Ans. 180. 



3. The extremes are 4 asd 20, and the number of terms 
10 : what ia the sum of the ueiieB? 'Ans. 120, 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is tlio sum of the series '{ Ans. 12000. 

5. The extremes are 500 and 60, acd the number of terms 
20 : what ia the sum of the series ? Ans. 5600 

6. The extremes are 800 and 1200, and the number of 
terms 50 ; what is the sum of the series ? 



IS2. In arithmetical proportion thei 
to be considered: 

1st, The first term, a. 

2d. The common difference, d. 

3d. The number of terms, n. 

4th. The last term, I. 

5th. The sum, S. 

The foi-mulas, 

I = a + {n-l)d, 



Ans. 50000. 
five members 



and 



, = («4i) = 



contain five quantities, a, 
give rise to the following 



n, I, and S, ai 
problem, ' 



three 



162, How man? numbers are considered in arithmetical proporti 
What are they ? Id eTery arithmeacal progreBsion, what is the eomi 
difference eijiial to ? 
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of these Jive quantities being given, to determine the other 
two. 

We already know the value o? S in. terms of a, 7t, and L 

From the foi-mula, 

I ^ a+ {n~- l)d, 
v.e find, a ^ I ~ {n - l)d. 

Thiit ie : The first term of an inc^'easing arithmetical pro- 
gression is equal to tlie last term, minus the product of tha 
common difference bg the number of terms leas one. 

From the sajne formula, we also find, 



That is : In any arithmetical progression, the common dif- 
ference is equal to the last term, minus tlie first term, divided 
by the number of terms less one. 

The last terin is 16, the first term. 4, and the num.ber of 
tenns 5 : what is the common difierence? 



2, The last term is 22, the first term 4, and the number 
of terms 10 ; what is the common difference? Ans. 2. 

183. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means between two 
given numbers a and h. 

!S3. How do Toil find any number of Hritlimctioal meanH betneei two 
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To resolv ti s questi n it is first necessary to finl tie 
oonimon d fiVreoce J.ow we may regaid i as tl e lii«t 
term ct an aiithmetieol pingreesion h as the list tci n ai 1 
the roqiutt 1 means la mtermediite terniB The n imhcr ot 
terms of this progi-ession will be expressed by m + 2. 

Now, by substituting in the above formula, h for I, and 
11 + 2 for n, it becomes, 

a ^ ^--« _ ^ -'^ . 

that is : Tlie common differretice of the required progression 
is obtained by dividing the difference between the given 
smmbera, a and b, by the required number of means plus otie. 
Having obtained the common difference, d, form the second 
tenn of the progression, or the first arithmetical mean, by 
adding d to the fi^ term a. The second mean is obtained 
by augmenting the first mean by d, &q. 

1. Find three arithmetical means between the extremes 
2 and 18. 



The formula, 


d 


= 


— 


+ 1' 




gives, 




a = 


18 


T 


■ 2 


*; 


hence. 


the progression is, 














2 . 6 


. 1 


,0 


. U . 


18. 



2. Find twelve aiithmetica! means between 12 and 77, 

Tlie formula, d — — ~r , 

.7 " - 12 
gives, d — — — — = 5 ; 

hence, the progression is, 

12 . !■? . 22 . 27 ... 77. 
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184. Remaek. — If the Bame number of arithmetica! 
means are inscTted between all the terms, taken two and 
two, these terms, and the arithmutieal means united, wilt 
form one and the same progression. 

For, let a . b . c . e ./ . . . be the proposed progression 
and m the number of means to be inserted between a and 
J, I and c, c and e . . . . &c. 

From what has just been said, the conimon difference of 
eaeh partial progi-ession will be expressed by 

b - a c ~ h e - c 
m + l' m+ 1' m + !■■• 

expressions whidi are equal to each other, since a,b,o... 
are in progi-ession ; therefore, the common difference is the 
same in each of tlie partial progressions ; and, since the lasi 
term of the fii'st forms the Jirst term of the second, &c., we 
may conclude, that all of these paitial progressions form a 
Mngle progression. 



1. Find the sum of the fii'st fifty terms of tlie progression 
2 . 9. 16 . 23 . .. 

For the 50th term, we have, 

I = Z + i9 X 1 = 345. 

Hence, S = {2 + 345) X y - 347 X 25 = 8675. 

2. Find the lOOfh term of the scries 2 . 9 . IC . 23 . . . 

'Ann. 092 

3. Find the sum of 100 terms of the sei-ies 1.8.5,7. 
9 . , . , Ans 10000. 
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4. The greatest term is VO, the coinmoD difference 3, and 
the numljer of terms 21 : what is the least term aud llie 
BLim of the series ? 

Afu. Least term, 10 ; sum of series, 840. 

5. The first term is 4, the common difference 8, aud the 
iinml)er of terms 8 : what is the last terra, and the sum of 
the series ? Ans. j Last term, 60 

( Sum = 2Stl. 

6. T!io first term is 2, the last term 20, and the number 
of teiins 10 : what ia the common difference ? Atts. 2. 



1. Insert four means between the two numbers 4 and 19 t 
what is the series ? Ans. 4 . 7 . 10 . 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progreaaon 
Is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series. A.ns. 140. 

9. In a progression by differences, having given the com- 
mon difference 6, the last term. 185, and the sum of tlie 
terms 2945 : find the first teiin, and the number of terms. 

Atis. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2. 6. 8. 11. 14... 

Atis. Common diff., or d = 0,3. 

11. Find the number of men contained in a triangnlai 
battalion, the first rank containing one man, the second 2, 
tte third 3, and so on to the »,"•, which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 to n incluMvely. , 

An,. « = '^tH 
2 

12. Find the sum of the n first tenns of the progression 
n nmnbers, 1 . 3 , 5 . V . 9, . . . Ans. S = n\ 
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18. One hundred stones being placed on the ground in a 
straight iine, at the distance of 2 yards apart, how .far will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 ntiles, 840 yai-ds. 



GEOMETEIOAL PEOPOETION AITD PROGRESSION. 

183. Satio 18 tlie quotient arising from dividing one 

quantity by another quantity of the same kind, regarded 

as a standard. Thus, if the numbers 3 and 6 have the same 

imit, the ratio of 3 to 6 will be expressed by 



And in general, if ,4 and B represent quantities gf the same 
kind, the ratio of A to B will be expressed by 
B 
A' 
186. The character k indicates that one quantity is 
proportional to another. Thus, 

A kB, 
is read, A proportional to B. 

If there be four numbers, 

2, 4, 8, 16, 
having aueh v.aluea that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

185. 'What is ratio ? What is the mtio of S to 6? Of 4 tola? 

1S6. What is proportion? How do jou e.iproas that four numbers 
are in proportion ? What are the numbers caJIid? What are the firsl 
and foarth terma cilled ? What the second and third P 
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eaid to form a propoition. And in general, if there be four 
quantities, A, B, C, and 2>, having such values thai, 

£ _^ 

A ~ C" 

then, A is stad to Lave the same ratio to B that C h^ to Di 
or, the ratio of A to jB is eqnal to the ratio of C to J>. 
When four quantities have this relation to each other, com- 
pared together two and two, they are said to form a geo- 
metriea! proportion. 

To espjcss that the ratio oiAtoJi is equal to the ratio 
of C to IJ, we write the quantities thus, 

A : Ji :: G : D; 

and read, ^ is to ^ as C to J?. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremes, and the second and third 
terms, the tioo means. Thus, A and J) are the extremes, 
and li and C the means. 

187. Of four terms of a pioportion, the first and third 
are called the antecedents, aud the second and fourth the 
consequents ; and the last is Kai<l to he a fourth proportionaJ 
to the other three, taken in order. Thus, in the last pro- 
portJon A and C are the antecedents, and Ji and D the con- 
sequents. 

IS8. Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 

18'!. In fonr proportional quantises, what are the Erst and third called! 
Whiit the second and fonrtb ? 

183. When are three quantities proportional f What ia (he cdddle OQC 
onliedf 
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third ; and then the middle term k sfud to be a mean pro- 
portional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 13 a mean proportional between 3 and 12. 

189. Four quantities are said to be in proportion by Itb- 
version, or inversely', when the consequents are made the 
antecedents, and the antec^idcnts tbe consequents. 

Thua, if we have the proportion, 



the inverse proportion would bo, 

6 : 3 : : 16 . 8. 

1»0. Qaantitiea are said to be m proportion by alterna- 
tion, or alternately, when antecedent is compared with ante- 
cedent, and consequent with consequent. 
Thus, if WG have the proportion, 

3 : 6 : : 8 : 19, 
the alternate proportion would be, 

8 : 8 : : 6 : 16. 

191. Quantities are said to be in proportion by compo- 
sit'i<m, when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thns, if wo have the proportion, 

2 : 4 : : 8 : 16, 

ISA When are quaniities said to be in proportion bj iuveraion, or ii! 
versely f 

190. When are quantities in proportion by alternation? 

191. Wlien arc quantities in proportion by compositionF 

12" 
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the proportion by composition would be, 

3 4- 4 : 2 : : 8 + 16 ; 8; 
and, 2 + 4 :' 4 : : 8 + 16 : 16. 

192. Quantities are said to be in proportion by division, 
when the difference of tlie antecedent and con3ec[uent L'^ 
compared either with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : ; 12 ; 36, 
the proportion by division will be, 

9 — 3 : 3 : : 36 — 12 : 12; 
and, 9 — 3 : 9 : ; 36 — 12 : 86; 

193. Equi-mnltiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number, 

Tims, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiplea wOl 
be 54 and 45 ; for, 

6 X 9 = 54, and 5x9 = 45. 

Also, m X A, and m X Ji, are equi-inultiples of J. and 
B, the common multiplier being m. 

194. Two quantities A and JH, which may change theit 
values, are reciprocally or inversely proportional, when one 
is proportional to miity divided by the other, and then their 
product remains constant. 

192. When are quantities in proportion by division 7 

193. What are equi-aiultiplps of two or more quaulilics? 

!94. When are tito quantities said to be reoiprocailr propdrHuiml f 
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Wc express this reciju'ooal or mverse relation thus, 

in which A is said to be inversely proportional to S. 

195, If we have the proportion, 

A : Ji :: G : D, 

we have, -j := -^, (Art. 186); 

and by cleaving the equation of fractions, we have, 

BG ^ AD. 
That is : Of four proportional gnanUties, tJie product qf 
tha (wo extremes is equal to the product qf the two means. 

This general principle 38 apparent in the proportion be- 
tween tlie numbers, 

3 : 10 : : 12 : 60, 
which gives, 2 X 60 = 10 X 12 = 120. 

196. If four quantities. A, B, C, B^ are so related to 
each other, that 

AxB = Bx C, 



and hence, A i B : : G '. B. 

That is : Tf the product of two quantities is equal to the 
product of two other quantities, two of them, may he made 
the extremes, and the other two the means of a proportion. 

395. If four quaadljes aro proportional, whnt is tie product of tie two 

!9fl. If the product of two quauliliea la nqtial to the product of two 
other qnantities, may the four bi. plati d m a. proportion f Hoiv t 
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Thiia, ifwehave, 



197. If we have three proportional quantitiee, 
A : Ji :: £ I C, 
^ _ 
A ~ H' 
hence, B" = AG. 

That in : If three quantities are proportional, the square of 
the middle term is equal to the product of the two extremes . 
'I'hus, if we liave the propoi'tioii, 

3 : 6 : : 6 : 12, 
we shall also have, 

6 X 6 = 6= = 3 X 12 ^ 38. 



we have, 



198. Ifwehave, 

A : B :: C : D, and consequently, -j = -^ , 

multiply both members of the last equation by ■=, and 

we then obtain, 

G _ ^ 
A ~ £' 
an(5, hence, A : C ; : J) : D. 

That is : If four quanCitdes are proportional, they will be 
in proportion by alternation,. 

197. If three qnantities are propoi-tioiiBl, what is the product of tlic 
sitremee =qufl3 lo ? 

198. If four quantities are proportional, will they be in proportion tiy 
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Let lis talse, as an example, 

10 : 15 ;: 20 30. 
We shall have, by alternatiijg the terms, 
10 : 20 ■ : 15 : !)0. 
199. If we have, 

A : B :: C : D, and A : B : : E : F, 
ire sliall also have, 

B D .. B F 

Zi^C' "'"^ A -is' 

bence, ^-J, «"■! G:J)^::F:F 

That is: ^ there are tfU}o sets of pi'oportions Ttaving «ra an, 
tecedent and consequent in the one, equal to an antecedent 
and consequent of the other, the remaining terms iciU be 



If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 30. 

aoo. If we have, 

A : B : : C : I), and consequently, -j = -75, 

we have, by dividing I by each member of the equation, 

^ = , and consequently, Ji : A : : D : C. 

1S9. If jou have two sets af proportions liavliig on antecedent atiii eoii. 
Siiqaent in each, equal ; what will follow? 

SOO. If four quaatities arc iu projiornOil, will tber be in ppopoitio-' 
Kben takeo iuversely? 
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Tliat ia : Fowr proportional quantities will be in proportion, 
when taken inversely. 

To give an example in numbers, take the proportion, 
7 : 14 : : 8 : 16; 
then, tliG inverse proportion will be, 

14 . V : : 16 : 8, 
in which the ratio is one-half 
901. The proportion, 

A : B '.: G : J), ^ves, A y D = B x G. 

To each member of the last equation a<lcl B x J). We 
shall then have, 

{A-h B) X J) = {G + D) X £; 
and by eeparatiiifj the factors, we obtain, 

A -i- li : B : : C -\- JD : D. 

If, instead of adcling, we subtract B X I) from both 
members, we have, 

{A - B) X -D = {C - D) X B; 
which gi"vei, 

A - B : B :: G - B : B. 

That is: If four quantities are proportional, they iciU be 
inproportion by composition or division. 

Thus, if we have the proportion, 

9 : 27 : : 16 : 48, 

201. If four quactltiea are in proportion, will thej he in proportion by 
composition? Will tliey be in proportion by division? What ip tb* 
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we shall have, by composition, 

9 + 27 ■ 27 : : 16 + 48 : 48; 
that is, 36 ; 27 : : 64 : 48, 

in which the ratio is three-fourths. 

Tile same proportion gives us, by division, 

27 - a : 27 ;; 48 - 16 : 48; 
liiat iiS, 18 : 27 : : 32 : 48, 

ia which the ratio is one and one-half. 

302. If we have, 

B _ B 

A ~ 0' 
and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

■ — -j = -y^ , and mA : mB : : C : D. 

That is : Eq\ial multipUs of two quantities have the savw 
ratio as tJie quantitiea themselves. 

For example, if we have the proportion, 
5 : 10 : : 12 : 24, 
and multi'ply tlie first antecedent and consequent by 6, we 

30 : 60 : : 12 : 24, 
in which the ratio is still 2. 

303. The proportions, 

A : B :. G : D, and A : B i: E : F^ 

209. Have equal multlplea of two qcantitles the same ratio a» the 
qunntitics t 

208. Suppose the antecedent and cons«(iucnt be nugmeulcd or dimiu' 
ishcd by quantities huTiug the mme ralio f 
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give, AxJ} = BxC, and AxF= B y. E; 
adding and subtracting these equations, we obtain, 
A{I>±F) = B{G±E), or A B C±E D±K 
That is: If G and D, the antecedent und G0?isegu<'7if, be 
augmented or diminished by quantities E and ZJ which 
home the sameratio as to B, the restdtmg quantities will 
also have the same ratio. 

Let us take, as an example, the proportion, 



in which the raiio is 2. 

If we augment the antecedent and consequent by the 
numbers 15 and 30, which have the same ratio, we shaU 



: 40, 



9 + 15 : 16 + i 
that is, 24 : 48 : : 

in which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 ■ : 20 — 15 : 40 ~ 30; 
that is, 9 : 18 : : 5 : 10, 

in which the ratio is till 2. 

a04. If we have several proportions, 

A : B :: 

A : B :: 

A : B :: 



C ■ I>, which giv 
: E : F, which giv 
; G : H, which giv 



^ X Z) - J5 > 
A X F = B > 

A X H ^ B> 



&c., &c., 
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we ehflJl have, by aildition, 

A(D + F+ H) = £(C + E+ 6); 
and by separating the factors, 

A : B :: C + M+ G : D-\- -F+ H. 

That is; In any number of proportions having the same 
rtitio, any antecedent will be to its consequent as the sum 
of the antecedents to the sum of the conseguents. 

Let us take, for example, 

2 : 4 ; : 6 : 12, and 1 : 2 : : 3 : 6, &c. 
Tlien 2:4::64-3:12 + 6; 

Uiat is, 2 : 4 : : 9 : 18, 

in which the ratio ia stiU 2. 

:t05. If we have four proportional quantities, 
A : B :: C : D^ we have, ^ — -=, ; 

and raising botli members to any power whose exponent is 
n, or extraeting any root whose index is n, wc have, 

-j^ ~ -jY^, and consequently, 

A" : B":: (> : D". 
That is: If four quantities are proportional, Iheir like 
powers or roots will be proportional. 
If we have, for example, 

2:4 : : 3 : 8, 
we shall hav6 2« : ■i'' : : 3^ : 6^; 

305, lo four proporljonal qimctilies, how ari' lite poieri" or roots? 
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that is, 4 : 16 : : 9 : 36, 

in which the terlna arc proportional, the ratio helng 4. 
306. Let there be two sets of proportions, 

A '-" C' 



G : J>, 



^'Meh gives 






E : F i: O : IT, which gives 
Multiply them together, member by member, we have, 

A X JS ^' C X O' 
A X F: B X F:: C X G : D X IT. 

That is : Xntino seta of proportional quantities, the products 
<ff the corresponding terms are proportional. 
Thus, it' we have the two proportions, 
20, 



and, 



e sliall liiivo, '24 



GEOMETniCAL PSOGKESSIOW. 

30T. We have thus far only considered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

206. In two seta of proportions, hoif are tlie products of the correapoiid 
ine terms ? 

207. Wbat ia % geometrical progression? What ia the mtio of the 
progteasion F If ony term of a progression be multiplied by the ratio, 
what will the product be? If any term be divided by tiie ratio, vhni 



by Google 



OEOMKTEICAL PEOGEBS8I0II. 283 

If we haye the farther condition, that fee ratio of thi', 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbei-s, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
term be multiplied by thia quotient, the product will be the 
Bueceeding tenn. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geotnetrical Progression, or progression by quotients., 
13 a series of terms, each of which is equal to the preceding 
term multiplied by a eonstmit number, which number ie 
called the ratio of the progression, TTma, 

1 : 3 : 9 : 27 : 81 : 243, &C., 

is a geometrical progression, in which the ratio is 3. It Ls 
written by inta'ely placing two dots between the terms. 

Also, 64 ; 32 : 16 : 8 : 4 ; 2 : 1, 

is a geometrical progression in which the ratio is one-half. 

In the fii-st progi'Gssion each term is eontained'three times 
In the one that follows, and hence the ratio is 3. In the 
second, each term is contdned one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progre^on, and the 
second a decreasing progression. 

Let a, J, c, d,e,f, , , . be numbers, in a progres^on by 
quotients ■ they are written thas : 

a:b : o: d: e:f: g . . . 



and it is ennnciated in the same manner as a progression !>y 
differences. It is necessary, however, to mate the distiiu;- 

will tho quolient bo? How ia a progression by qnotieiits written? Whioli 
of the tenna is only an antecedent? Which only o consequent? How 
itmy each of the otlipre be cansidored? 
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lion, that one is a series formed by equal dififerences, and 
the other a Beries formed by equal quotients or ratios. It 
sliouid bo remarked that each term is at the same time an 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which- is only a consequent. 

20§. Let r denote the ratio of the progression. 



? being >1 when the progi-ession ia increasing, wa^ r<.\, 
when it ia decreasing. Then, since, 

b c d e . 

we Lave, 

b — ar, e = br = ar'-, d =. cr ^ a-fi, e —■ dr ^^^ ar*, 

that is, the second tenn is equal to ar, the third to ar'^, the 
fourth to ar^, the fifth to ar', &c. ; and in general, the wth 
term, that is, one which has n — \ tci-ms before it, is ex- 
pressed by ar""'. 

Let I be this term • we then have the formula, 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 



I. Raise the ratio to a power whose exponent is one leas 
than tlie numlier of terms. 

U. Multiply the power thus found by the first tertn : the 
product will (re the required term. 

208. Bj what letter do we denote tbe ratio of a prosrcssioQ? In «u 
iacrfasing progression is r grenti^r or lc£s than If In a d.-creji?iEg pro- 
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1 . Find the 5lh teim of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
5th term = 2 X 2* = 2 X 16 = 32. Ans. 

2. Find the 8th term of the progression, 

2 : 6 : 18 : B4 . . , 

8th term — 2 x 3^ — 2 x 2187 = 4374, Ans. 

3. Find the 6th term of the progression, 

2 : 8 : 32 : 128 . . . 
6th term = 2 x 4^ = 2 X 1024 = 2048. Ana 

4. Find the 7th term of the progression, 

3 : 9 : 27 : 81 . . . 

7th term = 3 X 3« = 3 X 729 = 2187. Ans. 

5. Find the 6th term of the progression, 

4 : 12 : 30 : 103 . . . 
6th term = 4x3=^4x243 = 072. Ans. 

6. A person agreed to ])aj' his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
overy day for ten daya : how much did he receive on tlio 
tenth day? Ans. $5.12. 

giesaion is r greater or lesa than IF If o is tlie first term and r the 
ratio, what ia ^e second term equal to ? What the third ? What the 
foxirlh! Wtat is the last t«rm equal to? Give the cuie for finding the 
last term. 
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1. Wliat is the 8th tenn of the progi'esaon, 

9 : 36 : 144 : 576 . . . 
8lh term = 9 X 4' = 9 X 10384 — 147456. Alts. 

B, Fmd the 12th term of the progression, 

84 : 16 : 4 : 1 : 7 . . . 



»(r- 



12th term = 64(-'' 



909. Wo will now proceed to determine the sum of n 
terms of a progression, 

a : b : c : d : e : f : . . . : i : Jc : l; 
I denoting the Nth term. 

Wo haye the equations (Art. 208), 

6 = ar, ^= br, d = or, 6 =; dr, . . . fc = ir, I =i hr, 

and by adding thum all together, member to member, we 
deduce, 

^mii of Iti inemhefs. S^tm of 2d memberi. 

b+c+d+e+ ... +7i+l={a + b + c + d+ ... -i-i + k)r; 

in which we see that the first member contains all the terms 
but a, and tbe polynomial, within the parenthesis m the 
second member, contains all the terms bnt I. Hence, if we 
call the sum of the terms S, we have, 

S~- a = {S - l]r = Sr - Ir, .■ . iSr - S = Ir ~ a 

whence, S = ^— - ■ 

r — 1 

209. Give the rule for finding the sum of the scries. Wbat is tbc first 
step? What the flecond? WhatthetMrdf 
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!, to obtain the sum of all the terras, or man of the 
series of a geometrical progression, we have the 



I. Multiply the last term hy tM ratio : 
n. Subtract the first term from ilie preduot : 
III. Divide the remainder hy the ratio diminieked hy \ 
ind the quotient wiU he the sum, of the series. 

1. Find the sum of eight terms of the progression, 
2 : 6 : 18 : 54 : 162 ... 2 X 3' — 4374. 
1S122 - 2 ^^^^ 



S = 



a of the progression, 
2 : 4 : 8 : 16 : 33. 
Ir — a _ 64 — 2 _ 

~ r — I ~ 1 ~ 



62. 



3. Find the sum of ten terms of the progression, 

2 : 6 : 18 : 64 L 162 , . . 2 X 3» = 39366. 

Ans. 59048, 

4. What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the second month, 
$4 the third month, and bo on, each succeeding payment 
being double the last ; and what will be the last payment! 

. I Debt, . . $4095 
I Last payment, $204S 

5. A daaghter was married on Kew-Year's day. Her 
Either gave her is., with an agreement to double it on the 
first of the next month, and at the beginning of each succeed- 
ing month to double what she had previously received. How 
much did she receive ? Ans, £204 I5e, 
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6. A man bought ten bushek of wheat, on the condition 
that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the laat biiahel, and for the ten bushels ? 

J Last bushel, $196 83. 
"'^' i Total cost, $295 21, 

1. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; tli^e he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 1 6 years : what is his 
last crop, and what the sum of the series ? 

■ ( Last, 140737488355328 bush, 
"'^' \ Sum, 160842843834660. 

aiO. When the progression is decreasing, we have, 
?■< 1, and ^< a; the above formula, 

~ ?■ — 1 ' 
for the sum, is then written under the form, 

1 — J- 
in order that the two terms of the fraction may be positiva 
}, Find the sum of the terms of the progression. 



SIO. What is tlic formula for the bi 
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2. Fiml lh« atim of the first twelve tei'ms of the [iTO- 
gTOSsion, 

64 ■ 16 : 4 : 1 ;-:... : 6il- 



63530 



64— -4tt^ X -. 256— —i 



(15536 4 65536 65535 

^1 oj^nno 



ail. Remakk. — We perceive that the principal difficulty 
nonsista in obt^ing- the numerical value of the last term, a 
tedious operation, even when the number of terms ia not 
very great. 

3. Find the Bum of six teinns of the progression, 

612 : !28 : 32 . . . 

Ans. 682^ 

4. Find the sum of seven terms of the progrc^ion, 

2187 : 729 : 243 . , . 

Am. 327ft 

5. Find tlie sum of sis terras of the progression, 

972 : S24 : 108 . . . 

Auk. 1466 

6. Find the sum of eight terms of the progression, 

14'?456 : 36864 : 9216 . . . 

Am. 196605. 

OP PEOORESSIONB HAVING AN rNTIinTE NUMBER OP l-KKMS 

212 Let there be the decreasing progression, 
a : b : c : d : e : / : . • . 

il3. When thp progresaioa ie decreasing, and the number of terms in- 
finite, Kbnt is the eipresBioa for the value of Hie Bum of the feriea ? 
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oontaiumg an mdeflnite numlier of terras. In the formula, 

aubstilnl.e for I its vahie, ar"~\ (Art. 208), and we hiive, 

wliich expresses the sum of n terms of the progression. 
This may be put under the form, 

Now, einco the progression is decreasing, ?■ is a proper 
fi-action ; and r' is also a fl-action, wliich diminishes as n 
inereases. Tberefore, the greater the number of terms we 

take, the more will x r" diminish, and consequently, 

the more will the entire sum of all the ten»s approximate 

to an equality with the first part of S, that is, to 

Finally, when n is taken greater than any given number, 

or n =1 infinity, then X r" will be less than any 

given number, or will become equal to ; and the expres- 

Mon, , will then represent the true value of the simi 

of all the terms of the series. Whence we may conclude, 
tliat the expresiaon for ihe sum of the terms of a decreasing 
proff^ession, in which the number of terms is infinite, is, 

1 — r ' 
that is, eij^ial to the first term, divided hy 1 mimes tlie ratio. 
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This is, [#opeiiy speaking, the lii/iU to which the partial 
sums approach, as we take a greater number of terms in the 
jiTogrcasion, The difference between these sums and — — ■ , 
nay be made as small aa we please, but will only become 
nolhing when the number of teni^ is infinite. 



We havG, for the uxpresBioi) of the sum of the turms, 

Tlie error committed by taking this expression for the 
uaiue of the sum ol' the n first terms, is cKpressed by 



2X31 2 . 3' 1G2 

When n = %, we find, 

3/ir _ 1 1 1_ 

2\3/ ~ 102 ^ y ~ 488" 

Hence, we see, that the error committed by taking _ foi 

the sum of a certain number of terras, is less in proportior 

a:! thie number is greater. 
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We Lave, S = yZL~'^ ~ i = ^ 

3. What is the Biim of the progression, 

I, i, i, ' 

' 1 ' Til ' 

•s = r^ = -33 = 'r ^•"- 

10 

913. In the; several <iuGStions of geometrieal progres 
sion, there are five numbers to be considered : 
1st. The first I 
2d. The ratio, 

3d. The number of terms, n. 
4th. The last term, 
5lh, The sum of the tenns, S. 

214. We shall terminate this subject by solving this 
problem: 

To find a mean proporlioii;il between any two numbers, 
as tn and n. 

Denote the required mean by a;. We shall tben have 
(Art. 197), 



21S. How mflny numbers are considered in a geometrical progretaioii ? 
What are tbey? 
214. How do voii find a mean proportiona! between two ciimbers? 
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That is : Multiply the two numbers togetJier, and extract the 
square root of tkeproduet. 

1, What is the geometrical mean between the numbers 
2 aod 8? 

Mean = ^8 x 2 = yTs = 4. Ans. 

2, What is the mean between 4 and 16 ? Ans. 8 

3, What is tho mean between 3 and 27 ? ^ws. 9 

4, Wliat is the mean between 2 and 72 ? Ans. 12, 
C. What is the nioan between 4 and 64 ? Atis. 16. 
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CHAPTETi X. 



ai5. The nature and properties of tlie logariUune in 
common use, will be readily understood by considering 
attentively the different powers of the number 10. They 



000 
0000 
00000 






It is plain that tlie ^ponents 0, 1, 2, 3, 4, 5, <!fcc., form an 
nrithmetlcal series of which the eommou difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, 100000, ttc, form 
a geometrical progression of which the common ratio ia 10. 
The number 10 is called the 6ase of the system of logarithms; 
and the exponents 0, 1, 2, 3, 4, 5, &c., are the lofforithma of 



315. What relation eiiata 
sri' the correaponding numbi 
difference of the eiponeuta ? 
sponding numbers? What I 
rithraa? What are the eipoi 



■etnecn the eiponenta 1, 2, 3, &e.? How 
rs 10, 100, 1000? What is the common 
What is the eonimou ralio of the corre- 
the base of the common system of loga- 
Of nhat number ia the exponent I 



the logarithm? Tie eKponeut a? The expoiient 31 
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the numbera whiuh are produced by raising 10 tn the powers 
denoted by those exponents. 

31B. If we denote the logarithm of aoy number by m, 
then the number itself will be the with power of 10 ; that is, 
ii' we represent the coi-responding number by M, 

lO-" = M. 
Thus, if we make m = 0, Jlfwill be equal to 1 ; if w* = 1, 
M will be equal to 10, &c. Hence, 

The logarithm, of a number is the exponent of thepowm 
to which it is necessary to raise the base of the system in 
order to produce the number. 

217. If, as before, 10 denotes the base of the system 
'if logarithms, m any exponent, and M the conesponding 
number, we shall then have, 

10™ = J/, (1.) 

ill whiuh m is tlie logarithm of M. 

If we take a second exponent n, and let N denote the 
corresponding imniber, we shall have, 

10" = N, ( 2.) 

in wliich n is the Jogai'ithra of N. 

If, now, we multiply the first of these equations by the 
second, member by member, we have, 



but since 10 is the base of the system, m + ?i is the loga- 
rithm M X iV"; lience, 

216. If we dpnote tho boae of u system bj 10, and tbe espotirjiit by 
m, what will repreaent the corrcupondmg number? What is the logaritliTii 
of a number P 

211. To what is She sum of the logarithms of any two niimberaequai? 
To what, then, will the additioQ Kf logarithms correspond ? 
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The, sum of the logarithms of any two numbefis is equnl 
to the logarithm of their product. 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers. 

218. If wedhide Equation (l) by Equation (2), moin 
tci' by iiieinber, wq liiive, 

10" - ^" ~ N' 
but sitic<i 10 is the bast; of tho system, m — lOia the logs- 
I'ithm of ^iv; hence. 

If one number he divided by another, the logarithm of 
the quotient will be equal to the logarithm, of the dividend, 
diminished by tTuit of the divisor. 

Therefore, the subtraction of logarithms corresponds to 
the division of their numbers. 

819. Lot us examine further the equations, 



10^^ - !00 
10' ^ 1000 
&c., tfec. 

It is plain tliat the logarithm of 1 is 0, ana that the loga- 
rithm of any number between 1 and 10, is greater than 

218, If one number be divided by another, what will the logarithm 
of the quotient be equal to? To what, then, will the Bubtractioa of !oga 

ithnis correspond? 

219. What ia the lognrithm of 1? Between what limits are the loga- 
rithniB of ai numbors butween I and 10? How arc they (renerally en- 
pressed ? 
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and lesB than 1. The logaiithm is generally expressed by 
decimal fractions; thus, 

log 2 = 0.301030. 

The logarithm of any number greater than 10 and less 
than 100, is gi-eater than 1 and less than 2, and ia expreaaed 
by 1 and a decimal fraction ; thus, 

log 50 ~ 1.698970. 

The pai-t of the logaiithm which stands at the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less than the number of 
places of figures in the number whose logarithm is taken. 

Thiis, in the first ease, for numbera between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is I ; and similarry for other 



TABLE OF' LOGAEITHMS. 

290. A tabic of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some other 
^ven nrunber. A table showing the logarithms of the 
numbers between 1 and 100 Is annexed. The numbers are 
wi-itten in the column designated by the letter N, and the 
logarithms in the column designated by Log. 



How 18 it witli the logarithma of t.iitnbers between 10 and 100! What 
li that part of tbe logarithm called irhich stands at the left of Che char 
BCteristiof What is the value of the charaeleristic ? 

220. What 13 a table of logarithms ? EBplaic the manner of Ending 
the Ingaritlins of numbers between 1 and 100 f 
13* 
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BLEMEHTAKY 
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18 

845 

1.851268 

1.857333 

1^869232 
1.875061 


"96 
97 

100 




2T58 
2098 

mi 

0186 
S970 


1,986772 
1.991226 
1,995635 
3,000000 



1, Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of ttiG 
logarithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 fi-om the table, ivhieh is 0.903090, 
and then the logarithm of 9, which is 0.954243 ; and theii 
Bum, which is 1,857333, will be the logarithm of the product. 
In searching along in the table, we find that 72 stands Oppo- 
fflte this logarithm ; hence, 72 is the product of 8 by 9. 
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OF LOGARITHMS. al.ti) 

2. What 18 the product of 1 by 12? 

Logarithm of 7 is, . . . . 0.845098 
Logarithm of 12 ia, .... 1.079181 
Logarithm of thdr product, . . 1.924279 

and the corresponding number is 34. 

3. What is the product of 8 bj II? 

Logarithm of 9 is, . . . . 0.954243 

Logarithm of 1 1 is, , . . 1.041393 

Logarithm of their product, . I.99563(! 
and the corrosponding number is 99. 

4. Let it be required to divide 84 by 3. Wo have sec-n 
in Art. 218, that the subtraction of Logarithms con-esponds 
to Uii! division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract fi-om it the logarithm of 
3, the remainder vni] be the iogai'ilhm of the quotient. 

The logaiithm of 84 ia, ... 1.924279 
The logarithm of Sis, . . . 0.477121 

Their difierence is, ... . 1.447158 
and the corresponding number is 28. 

5. What is the product of by 7 ? 

Logarithm of 6 is, .... 0.778151 
Logaj-ithm of 7 is, . . 0.845098 

Their sum is, .... 1.623249 

and the corresponding number of the table, 42. 
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2'he JVational Sei-les of Standai-a Sckoot-'Boo&s. 

MATHEMATICS^ 



DAVIES' NATIONAL COURSE. 



ARITHMETIC. 

f. Davies' Primary Arilhmctic, if 35 $ ^^ 

2. Davies' Intellectual Arithmetic, 40 48 

3. Davies' Etements of Written Arithmetic,. , , . .W GO 

4. Davies' Practical Arithmetic, 90 1 UO 

Key to Practical Aritiimetic, ao 

5. Davies' University Arithmetic, 1 40 1 50 

Key to University Arithmetic *1 40 

ALGEBRA. 

[. Davies' New Elementary Algebra, *1 95 1 KS 

Key to Elementary Algebra, *1 35 

3. Davies' University Algebra, 1 50 1 60 

Key to University Algebra, *1 50 

3, Davies' New Bourdon's Algebra, 3 35 3 38 

Key to Bourdon's Algebra, . . . . . "3 3.i 

GEOMETRY. 

1. Davies' Elementary Geometry and Trigonometry, 1 40 1 50 

2. DavJes' Legendre's Geometry, 3 35 3 38 

3. Davies' Analytical Geometry and Calculus, ... 3 ,50 3 (i3 

4. Davies' Descriptive Geometry, S 75 3 88 

5. Davies' New Calculus 2 00 

MENSURATION. 

1. Davies' Practical Mathematics and Mensuration, . 1 50 1 QO 

2. Davies' Elements of Surveying, 3 50 3 03 

3. Davies' Shades, Sliadows, and Perspective,. . . y 75 15 Sa 

MATHEMATICAL SCIENCE. 

Davies' Grammar of Arithmetic, * 50 

Davies' Outlines of Matliematical Science, "1 00 

Davies' Nature and Uliiity of Mathematics, 8vo, »3 00, 13mo, *1 DO 

Davies' Metric System, *1 S^J 

Davies 4 Peclt's Dictionary of IVlathemalics, *5 00 

Davies' Foundations Mathematical Science, ^^ 25 

i7 



by Google 



The ^Va tronal S eries of Standard S'^fioot-^Boots. 

ARITHMETICAL EXAMPLES. 
Reuck's Examples in Denominate Humbers % so 
Reuck's Examples in Arithmetic i oo 

HIGHER MATHEMATICS. 

Church's Elements of Calculus 2 50 

Church's Analytical Geometry 2 50 

Church's Descriptive Geomelry, with Shadea, 

Shadows, and PerapectiTe 4 00 

Courlenay's Elements of Calculus ■ - = . " oo 

Hackley's Trigonometry 2 !i3 

Peck's Analytical Geometry i 75 

Peck's Practical Calculus i 75 

APPLIED MATHEMATICS. 

Peck's Ganot's Popular Physics i 75 

Peck's Elaments of Mechanics 2 oo 

Peck's Praclicai Calculus ^ 'i'^ 

Peck's Analytical Geometry, i '?5 

Prof. W.G. Peck, of ColnmliiaConeEe. haedeefgned tfte Brstoftliese works for 
tUe ordinary waate of achoola in the deparlment of NBtiiral PhUOfOpliT. Tin 
ijther volnmes sra the Uriefuet treatiBes oh those fubjecls now publiehed. Their 
methods ai-e purely pracHcal, nud iiDemharra»«d by the details which lalher cou- 
liiM tUau slmplliy science. 

SLATED ARITHMETICST" 

This consists of tlie appllcsUon of ail artificially slated rmrfbce to the inner cover 

the book tmd ni^e too ulatc at one and the eamc time, aBd as tiioi^h Ihe slale wera 
detached. When folded up, Uie elate preserves ciamples Dna memoranda til' 
' ' , The material used is ne dnrablc a,t the stone slhtc. The additional cost 



r book? Ihns improved is 
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One-third or oiie-half shoHer than any other siniilar 
course containing the same amount of Knowl- 
edge, and thoroughly Scientific. 

PEC K'S 

BRIEF COURSE IN ARITHMETIC, 

By W. G. PECK, LL.D., 

Professor of Matliematic3 and Astronomr in Columbia CoJlege, N. Y. 

Author of " Analytical Qeometry," " Practical Calculus," 

"Elemental^ Mechanice," " Ganot'a Physica." 



The Theory of tliia concise as well as coniprcliensiTe 
Course of Aritiiinetic to uicet the ivants of all classes is as 
follows : 

I.— FIRST LESSONS IN NUMBERS. 

ISmo, half bound, ; slated, 

This book begiaa with the simplest Elementary Comhinations, illnf 
trating the processes by suitable cats, but not by pictures culled from thn 
primary readers and cbUdrea's magazines. Tlie true idea of illustration 
is to liavQ a leading picture at the head of each part as Counting. Ad(, 
tion. Subtraction, Multiplication, Division, and Fractions. The indivi- 
dual strips should be illustrated by diagrams neatly engraved and 
grouped, and aiding in dei'eloping the arithmetical ideas desired. This 
style of treatment, covering BO or GO pages, precedes the subject of 
M&ntal Afithtnetic. The book thus formed should be all the Arithmetic 
needed to enter npon either tlie Manual or the GompUU Arithmetic, lis 
place ia all scboola would be in classes of pupils younger than about 
twelve years. 

1 
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"Feck's A.rtt?imeiical Course. 

il.— MANUAL OF PRACTICAL ARITHMETIC. 
308 pp., ISmo, half bound, 50!* ; slated, 60f . 

This book has the ifcjJm'fMns clearly laid down ( just as they are to 
stand throughout the course) ; tLe rvlea too are laid down esactly as they 
are to stand in all tho after course of mathematics. There is a earefnily 
illustrated example after each rule (illastrated, that is, by being wrought 
oat and oxplflined), and then follows a eafficlent numher of graded es- 
amples to impreaa the rule on the minds of the pupils. Tho place of 
this hoot would bo in the ordinary district aoliools where the pupils are 
simply fitting themselves for tho farm and the workshop, or in graded 
schools as a good practice before entering on the study of the Complete 
Arithmetic, It is adapted to children twelve to fourteen years of afi«, 
and contains enough of practical arithmetic for common iife. As this 
course of hooks is chiefly intended for live teachers, and not so ranch 
for laty ones, such quGStions are omitted as, "If one cow has two 
horns, how many horns have two cows f " The live teacher, after having 
tanght the Mrdt Lessons, can form enough of these examples from the 
objects around him, and will do so. 



II!.— THE COMPLETE ARITHMETIC. 

318 pp., 12mo, half hoimd, 90? ; slated, $1.00. 

This book contains everything necrasary to a complete arithmetician. 
Every step is explained scientifically. Every principle is laid down m 
clear language. Every rule is demonstrated. A suitable number of 
illustrative examples ate given. In this book pupils of mtclligenco are 
addressed, such as are our children of fourteen years in our average 
schools. The book is made consecutive, logical, sdentific, concke, ^mple. 

A student who follows this course in the order indicated 
will be an Arithmetician capable of making any application of 
his principles, and able to give a reason for the fe,ith that is 
in him. 
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■Peck's A.rithmetical Course. 

Such a course requires i'or its full deYebpment a live 
ieacfiee— but in the end tho fruits will be wortliy of his laboi's. 

An Arithnaetical course should be progressiYe, and, as far aa 
possible, repetitious should be avoided, 

Tho place for such questions ae a recent author uses to usher 
in his subjects, is in the Primary and MentaL To introduce 
them into either of the higher books would be a needless repe- 
tition, and one of our ablest teachers assures ua that such ques- 
tions are alwaja passed over by all good teachers. 

No course in Arithmetic can be studied and mastered with- 
out much labor on the part of both pupil and teachers, and 
we have yet to learn of any plan by which the subject can be 
made eo easy that cMldi'en will cry for it, 

With respect to the outcry of keeping up to the spirit of the 
ago, we will say that the continually-widening circle of knowl- 
edge demands that each subject should be made ever more and 
more concise, more and more abbreviated. 

By abbreviations emasculation is not meant, but rather 
elimination of all ti-ash and superflaous matter. The repeti- 
tion of primary principles in an advanced work, for instance, 
and the introduction of pictures from Chatterbox, are not in 
the direction of what we may consider the spirit of tho age. 

How well these ideas havo been carried out in this course 
will be determined by the popnlar verdict from the great mass 
of intelligent teachers of the country, and their name is le- 
gion. We will send specimen pages free, or copies for exam- 
ination to teachers at one-half the retail price, or a full set, 

WITH 8LATES ATTACHED, for $1.00. 

Addi-ess 

A. S. BARNES & CO., Publishers, 

NEW YORK AND CHICAGO. 
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■Peck's ;A.rithtnetlcal Course. 

Pedk'^' Brief iowUn 

MATHEM ATICS and ME CHANICS. 

GANOrS POPUUR PHYSICS 

For the use of schools and academiee. ISmo, 604 pp., half roan. Elegantly Illustrated. 
Price $1.TS. 

PECK'S TREATISE ON MECHANICS, 

WiUi Caloulns. For the use of Colleges, Academies, and High Schools, where tha 
Calculus is notBeparntelylangM. lamo, M4 pp., half roan, marbled edges. FrLca 

PECK'S ELEMENTARY MECHANICS, 

■Without Calculus. For the use of Colleges and Sclioole of Science, lamo, 300 pp., 
half ronn, marbled edges. Price fS.QO. 
This wark is a rewritten cditlen of tlio Tre4Tise oh MECHsmca, Its principal 
tHffprence Is hi tha omission of Uie Calculus, whloli Is pablislied separntplj In fuller 
and perfected form, 

PECK'S PRACTICAL CALCULUS. 

A Fraetieal Treatise on the Diflterential ana InteHral Calcnlus, with some of ilc appll- 
P/ice II.Tj. 

PECK'S ANALYTICAL GEOMETRY. 

A Treatise, wtth flppllcotions to lines and snrfeccB of tlie first and second oi-dc^ 
limo, aia pp., holt roan. Price 81.75. 

DAVIES & PECK'S MATHEMATICAL DICTIONARY, 



' ngle B< eace By lj 



ae or more of II ese works by Peok are nsel m most American CfilleEe"— among 
n Yii,E, HittvasD C unsBii PRirjCETON IniNiTr Corbeu, Illiboi^ Wis 
iN, State iHivuBsm ^laooHSiH CapiTOL UHirEBBiir Ohto ALo m 11 e 
30l3 of Mines anl Hdentlflc Schools a most wi hont ei eptlon— n li ai N Y 
ooi OF Mimes Thot Politbchnio Tai.b and HiRViED ''oiemtifio Iohools 



A. S. BARNES & CO., Publishers, 

& lis WILLIAM ST., na & IIS STATE ST., 

Mew York. Chlcaso. 
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The JS'alionfa Series of .Stmjdard Scho<ji-:Books.__ 

"natural science. 

"FOUETEE^ WEEKS" IN EACH EEANCH. 

By J. DORMAN STEELE, A.M. 

Steele's 14 Weeks Course in Chemistry g|^ ^i so 
Steele's i4 Weeks Course in Astronomy • i 53 
Steele's i4 Weeks Course in Philosophy - i cu 
Steele's 14 Weeks Course in Geology. ■ i ■'^'J 
Steele's 14 Weeks Course in Physiology ■ i 50 

They contain from 400 to 600 pagea of dry acts and unconnected details. They 
Hbonnd In Ihat whidl tlie student cannot kam, mach leBS remember. The popU 
commences the study, l3 confused by the flna print and ooarsa print, and nelmor 
tooirtng eiaelly what to Icara nor wliat to baeten orer, !s crowded Shrough llio 
single term generally nssl^ed to each branch, aM IVcqaently comee to the cloea 
withont a definite and exact idea of & single sciontlfic priadple. 

Steele's Fourteen Weeks Courses contala only that ivhich every well-informed 
person should know, wbile sll tbat which concerns only the protesBlonal ^dentist 
is omitted. The language Is clear, simple, and intereaUng, and the Ulnatiations 
bring the aobject within the range of home life aud dtdly eiperlooce. They give 
aach of tlte genera! principles and the promlneat iaa\s as a pupil can make l&mil- 
Inr as hooseliold words within a ainglo term. The Ijpa is largs and open ; there 
la no fine print to annoy; tliecnts are copies of genuine experiments or natural 
le ciecntion. 



la fine, by a system of coDdeasatlon peculiarly his own. ths author redncea each 
branch to the limits of a single term of study, while sacriScing nothing that is es- 
sentlal, and nothing that ia usnally retained ftom the study of tlie larger laanualB 
in common nae. Thus the student has rare opportunity to eeorwmiie }<,U ikm, or 
tather to employ that nhich be has to the beet advantage, 

A notable fsatnre is the author's charming " s^le," fbrttfled by an enthuBiRsin 
oter bis subject in whicli the student will not Q^l to partake. Believing that 
ITatural Science is foil of liisclnaUon, he taa moulded tt Into a form that attracts 
The attention and kindles the enthitelaBDi of the pupil. 

The recent editions contain the author's " Practical Questions " oa a plan never 
before attempted in scientllic teit-books. These are q.He8tions as to the oatiiro 
and cause of common phenomena, and are not directly answered In tlie teit, taa 
deslipi being to test and promote an intelligent use of Iha student's knowledge of 
(the foregoing principles. 

Steele's General Key to his Works- - - ■ "^i co 

This work is mainly composed of Answers to the Pracdcal questions and Soiu- 
(ions of the Problems in the auUior's celel)ra.ied " Fourteen Weeks Coursea " in 
the several sdenoes, with many hints to teachets, minor Tables, &c. Should bn 
on every teacher's desk. 
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The JVationat Series of Standat-d School-^ooks. 

MODERN LANGUAGE. 

French and English Primer, $10 

German and English Primer, 10 

Spanish and English Primer, ...... 30 

Ledru's French Fables, ........ 73 

Ledru's French Grammar, 1 00 

Ledru's French Reader, ...» 1 00 

tingbly practlcoJ tcEt-books cstBnt, in thia brancli. TJia sfftem of pro- 

coiDEDeDd itB^ to atl AMoricaa teaohera, fis it enables tbi^ir pnpUs to £o- 
(uire an absolutely correct pronnncmtlan nitbout the ssBlstanceof a nativa 
DuisteT. This feature is peoullarly Talnalilealso to " self-tfiughl" stndentl. 
The dfeeelions for aacerlainlng tbe gender of French Douns^-alao a great 
duabUng-l^Dak— are peculiar to tliis irork. and will be totmd remsrkibl/ 
flompeteat to the end proposed. The critiDism of teachers and tbctgst. of 
tka sohool-roeni ts InyltaA to this ezcellaub eeries, wlblL con^eoco. 

Worman's French Echo, 1 25 

Worman's German Echo, 1 21 

Pujol's Complete French Class-Book, . • ■ 2 25 

—usually emtiraced in Boriss of from five to twelve books, including the 
bulky and cspendve Lexicon. Il^ro are Grammar, ConveraaCion, and 
cliolce T.il=rj,turo— selected from Uia best Prenelt auUiora. Eacb branch 
is thoroughly handled : and the student, having diligently completed the 

ou/oil in the most polite and elegant langu^p ot modern times. 

fflaurice-Poitevin's Grammaire Francaise, • 1 00 

American sclioolam atlssb supplied irilli an American edition of tills 
ftmouB text-liiMk. Uany of onr best lostltiitloiii hare for years been pro- 
caring H firom abroad n,Dier than fbrego the advantages it offers. Tba 
poUi^ of pstting students -who liaya BcquiNd some pioficleney from ths 

he too highly commended. It aflOrda an oiipm.tnBity for finish wA. ravieir 
at once; wWle embodying aliundant pracUoa of 11a own rules. 

Joynes' French Pronunciation, 30 

Willard's Historia de los Estados Unidos, - 2 00 

Tha History of tbe United 9tate>, translated by Profcasors Tolon and 
l>n TtKHOi, n-ni be found a. TUiuablo, inatruoUiM, and cnlortainios rsad- 
Ing-booli for Spani^ dassas. , - 
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The ^^atlonat teachers' Zibrary. 



TEACHERS' LIBRARY, 



Object Lessons-Welch *^i oc 

" objectKscliIng," for teattiera ofyj-jniarj tfaBees. 

Theory and Practice of Teaching— Page ■ . *i so 

Tbifl YOlame bos, witioDt doubt, beeu read by two bimdrea tbousand 
being eshauated yeni']?. It wcs tbe pioneer, as it is now tlie pitJl- 

The Graded School-Wells •! 25 

The proper way to organise erailea sthoola is here illnEtrafea, The 
author has arailed hraiBslf ot the best elementB of the several Ejstema 
pravnJent In Boeton, New York, Philadelpliia, Cincinnsti, St. LouiB, 
and other cities. 

The Normal-Holbrook •! 50 

Carries a working BChool on its rislt Xo tflschers, showing the mof t 
Bppiovad methods of teaching all the common bi'onchei, hicmding the 
lei^ulcalltiee, explanations, demoaatratloue, and deflnltione mtro- 
ducfory aud peculiar to each brajich. 

The Teachers' Institute— Fowie *i 25 

This is a volume of snggestione inspired br the anthor's espeiionee 
at inatitutea, in Hie inatraction of joims taachera. A thonsand points 
of intereet to this cla^ ass moat satlsilictoril; dealt with. 

Schools and Schoolmasters— Dickens • ■ ■ *i as 

Appropriate selections from the writings of ttie great novelist. 

The Metric System— Davies *i w 

Considered with reference to its general iutroductioo, and embrao- 
lug ths viaws of Jolin Quincy Adams and Sir John Herachel. 

The Student ;— The Educator- Phelps ■ eacli,»l 50 
The Discipline of Life-Phelps 'i 15 

The antboreBB ot these works is one of the moat distlnffuishod 
writers on edncation ; and thej cannot ISil to prove a valuable edill- 
tion to tho School anil Teacbera' LibrarieB. being in a high degree 
both interesting and inatraotive. 

A Scientific Basis of Education— Hecker ■ . *2 50 

Adaptation of study and claasiCcttlion bj teropetameutB, 
48 
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a&lfs lila!|Eitta.lits. 



And Only Thorough and Complete Mathematical Series. 



/. COMMON SCHOOL COURSE. 

DaTies' Primary Arithmetici — Tfta fundajaeDtal priaciploa alRplayed iu 

Object iOMODB, 

Daviea' Intellectnal Arithmetlca— K<:fcn1ng all operations to the usU 1 aa 

the onl; tangible basis for logical deveiopm^t. 
Saviea' Elements of Written Aritlunetic^^ practical tntroauc^on lo 

the whole Bnbject. Theoir Babordinatod to Practice, 
Saviea' Practical Arithmetic.*— The mos t auccesstnl coratimitlonot Theoiy 

and PraolJoe, clear, esact, brief, ana compreheurtve. 

//. ACADEMIC OOUnSE. 

Daviea? University Arithmetic.*— Treating; the subject Bihanstlvely as 

Savie^ Elementary Algebra.*— A connecting Unk, condnctlng fho pnpU 

£fl.d^ ftom arithmetical processea io abstract analTsia, 
Davies* Cnivorsity Alg'ebra-*~'I"or instltBtioaa deairing- a more completo 

bat not tite tnlleftt conrae in pnre Algebia. 
Davies' Practical lUathematiGS.— I^e scienco practically apjdled to the 

nMfhl artB, as Drawing, Architecture, Snrvcyine, MecliBtiice, etc, 
Davies* XUementary Seometryr-Tbe imporlaut principles in simple form, 

hat with iili the exactneas of Tigorona leaBdnlng. 
Davies' Elements of Bnrveying:.--Ee-HTitten In 18TO, The aimplest and 

most practical preaeututiau for yoathe of 1% to 1<S. 

///. COLLEGIATE COURSE. 

Davies* Bourdon's Algebra.*— Embracing- Stnrm's Theorem, and a most 

exluuiative and rfcholarly course. 
Davies' University Algebra.'^A ahorter course tJian Bonrdon, for Inatitu- 

jioDS have ieaa time to give the enbjecL 
navies' LBgandre's Geometry.— Acinowledged fieonfyeatlaniclotytieatiBO 

otita grade. 300,000 eoptca hnTC boonBold^^ 
Davies' Analytical G-eometry and Calculnai- The shorter treatises, 

corabhied ia one volume, are more available for American concaes of atndf . 
Davies' Analytical Geometry. (.The original compendlmns, for those de- 
Davies' Diff> & Int. Calcnlns. ' airing to give full time to each branch. 
. navies' Descriptive Geometry— ^'^^ appUcation to Spherical Trigonom&. 

try, Spherical Projections, and Warpcil Suriaces. 
navies' Shades, Shado^rs, and Perspective.— A encclnct espoaition of 

tbe matliematlca! principles Involved. 
Davies' Science of DEathematies.— ^or toachera, embracing 

T ftmiHuri^ i.r jiEITBHETn;, III. LOBIO ABE UtTUTT OP MiTHBKATICS, 

r UAISEHATICB, rV. MATHEaATIOU. DlOTIOHABI. 



BY TEACHERS OKLY. 
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